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Abstract
The usual formulations of time-dependent mechanics start from a given splitting
Y = R ×M of the coordinate bundle Y → R. From physical viewpoint, this split-
ting means that a reference frame has been chosen. Obviously, such a splitting is
broken under reference frame transformations and time-dependent canonical transfor-
mations. Our goal is to formulate time-dependent mechanics in gauge-invariant form,
i.e., independently of any reference frame. The main ingredient in this formulation is
a connection on the bundle Y → R which describes an arbitrary reference frame. We
emphasize the following peculiarities of this approach to time-dependent mechanics.
A phase space does not admit any canonical contact or presymplectic structure which
would be preserved under reference frame transformations, whereas the canonical Pois-
son structure is degenerate. A Hamiltonian fails to be a function on a phase space. In
particular, it can not participate in a Poisson bracket so that the evolution equation
is not reduced to the Poisson bracket. This fact becomes relevant to the quantization
procedure. Hamiltonian and Lagrangian formulations of time-dependent mechanics
are not equivalent. A degenerate Lagrangian admits a set of associated Hamiltonians,
none of which describes the whole mechanical system given by this Lagrangian.
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11 Introduction
There is an extensive literature both on autonomous [1, 2, 24, 35] and time-dependent
mechanics [6, 10, 14, 33, 39, 40] (this list of references is of course far from being exhaustive).
The mechanics of autonomous systems is phrased in terms of symplectic geometries on even-
dimensional manifolds, in particular, on the cotangent bundle T ∗M of a manifold M . At the
same time, the usual formulations of time-dependent mechanics are developed on R×T ∗M .
From physical viewpoint, this means that some reference frame has been choosen.
In this paper, our goal is the formulation of time-dependent mechanics in gauge-invariant
form, i.e., independently of any reference frame. The main ingredient in this formulation is
a bundle Y → X over a 1-dimensional base X . In such a context, a complete connection on
Y → X defines a reference frame. From the mathematical viewpoint, a complete connection
on Y → X is equivalent to give a splitting Y ≃ X×M . This, in turn, implies the splitting of
the covariant phase space Π = V ∗Y ≃ X×T ∗M (where V ∗Y denotes the vertical cotangent
bundle of Y → X).
We emphasize the following peculiarities of time-dependent mechanics.
(i) The phase space does not admit any canonical contact or presymplectic structure
which would be maintained under changes of reference frames. At the same time, we have
the canonical Poisson structure, but it is necessarily degenerate.
(ii) The Hamiltonian fails to be a function on a phase space (see (1.2)). In particular,
it can not participate in a Poisson bracket. It follows that the evolution equation is not
reduced to the Poisson bracket. As a consequence, integrals of motion can not be defined as
functions in involution with the Hamiltonian.
(iii) Canonical transformations fail to admit even local generating functions in general.
(iv) The spray evolution equation is not maintained under general reference frame trans-
formations.
(v) Hamiltonian and Lagrangian formulations of time-dependent mechanics are not equiv-
alent. A degenerate Lagrangian admits a set of associated Hamiltonians none of which
describes the whole mechanical system given by this Lagrangian. At the same time, we
have not any canonical Poisson or contact structure on a configuration space of Lagrangian
mechanics.
We develop time-dependent mechanics as the particular case of field theory on bundles
Y → X over a n-dimensional base [6, 12, 48]. In this aproach, the physical variables are
described by sections of Y → X (where dimX > 1 in field theory and dimX = 1 in
mechanics). If n > 1, the Hamiltonian partner of the first order Lagrangian machinery is
the polysymplectic Hamiltonian formalism [11, 18, 25, 27, 46, 48]. If n = 1, we show that
this formalism provides the differential geometric description of time-dependent Hamiltonian
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mechanics. In particular, the n = 1 polysymplectic Hamiltonian form is exactly the integral
invariant of Poincare´–Cartan
H = pidy
i −Hdt (1.1)
[2, 35] on the phase space V ∗Y coordinatized by (t, yi, pi). The form (1.1) is written in
gauge-invariant form where the Hamiltonian H is not a function, but a section of the affine
bundle T ∗Y → V ∗Y . The bundle T ∗Y → X coordinatized by (t, yi, p, pi) plays the role of
the phase space in the homogeneous formalism. We have the splitting of a Hamiltonian
H = piΓi + H˜, (1.2)
where H˜ is a Hamiltonian function and Γ is a connection on Y → X describing a (local)
reference frame.
By analogy with field theory, we may talk of sui generis gauge-invariant formulation
of mechanics. Such formulation enables us both to describe a mechanical system without
a preferable reference frame (e.g., in relativistic mechanics and gravitation theory) and to
analyze phenomena which depend assentially on the choice of a reference frame (e.g., the
energy-momentum conservation laws). Also quantizations with respect to different reference
frames are not equivalent.
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2 Preliminaries
This Section includes the main notions of differential geometry and jet formalism which we
need in sequel.
From a pragmatic viewpoint, we widely use coordinate expressions, but all objects satisfy
the corresponding transformation laws and are globally defined.
Throughout, morphisms are smooth mappings of class C∞. Manifolds are real, finite-
dimensional, paracompact and connected.
Remark 2.1. The only 1-dimensional manifolds obeying these conditions are the real line
R and the circle S1. •
We use the symbols ⊗, ∨ and ∧ for tensor, symmetric and exterior products respectively.
By ⌋ is meant the contraction of multivectors and differential forms. The natural projections
of the product A× B are denoted by
pr1 : A× B → A, pr2 : A× B → B.
Let Z be a manifold coordinatized by (zλ). The tangent bundle TZ and the cotangent
bundle T ∗Z of Z are equipped with the induced coordinates (zλ, z˙λ) and (zλ, z˙λ) relative to
the holonomic fibre bases {∂λ} and {dzλ} for TZ and T ∗Z respectively. By Tf : TZ → TZ ′
is meant the tangent morphism to morphism f : Z → Z ′.
We recall here the following kinds of morphisms: immersion, imbedding, submersion,
and projection. A morphism f : Z → Z ′ is called immersion if the tangent morphism Tf
at every point z ∈ Z is an injection. When f is both an immersion and an injection, its
image is said to be a submanifold of Z ′. A submanifold which also is a topological subspace
is called imbedded submanifold. A mapping f : Z → Z ′ is called submersion if the tangent
morphism Tf at every point z ∈ Z is a surjection. If f is both a submersion and a surjection,
it is termed projection or fibred manifold.
2.1 Bundles
Let π : Y → X be a fibred manifold over the base X . It is provided with an atlas of fibred
coordinates (xλ, yi), where (xλ) are coordinates of X .
Hereafter, by a bundle is meant a locally trivial fibred manifold, i.e. there exists an open
covering {Uξ} of X and local diffeomerphisms
ψξ : π
−1(Uξ)→ Uξ × V,
where V is the standard fibre of Y . The collection
Ψ = {Uξ, ψξ, ρξζ}, ψξ(y) = (ρξζ ◦ ψζ)(y), y ∈ π−1(Uξ ∩ Uζ),
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of the splittings ψξ together with the transition functions ρξζ constitute a bundle atlas of Y .
The associated bundle coordinates of Y are
yi(y) = (vi ◦ pr2 ◦ ψξ)(y), π(y) ∈ Uξ,
where (vi) are fixed coordinates of the standard fibre V of Y . A bundle Y → X is said to
be trivlaizable if it admits a global splitting Y ≃ X×V . Different such splittings differ from
each other in projections of Y onto V .
Theorem 2.1. Every bundle over a contractible paracompact manifold is trivializable. ✷
Theorem 2.2. If the standard fibre of a bundle over a paracompact base is diffeomorphic
to Rm, this bundle has a global section. ✷
By a bundle morphism of Y → X to Y ′ → X ′ is meant a pair of mappings (Φ, f) which
form the commutative diagram
Y
Φ−→ Y ′
❄ ❄
X −→
f
X ′
One says that Φ is a bundle morphism over f (or over X if f = IdX).
Given a bundle Y → X , every mapping f : X ′ → X yields a bundle f ∗Y over X ′ which
is called pullback of the bundle Y by f . The fibre of f ∗Y at a point x′ ∈ X ′ is that of Y at
the point f(x) ∈ X . In particular, the product of bundles π : Y → X and π′ : Y ′ → X over
X is the pullback
π∗Y ′ = π′
∗
Y = Y ×
X
Y ′.
For the sake of simplicity, we shall denote the pullbacks Y ×
X
TX , Y ×
X
T ∗X of tangent and
cotangent bundles of X by TX and T ∗X .
Remark 2.2. Let π : Y → X be a bundle. Every diffeomorphism ρ of a manifold Y which
does not preserve the fibration π defines a new bundle π ◦ ρ−1 : Y → X . Obviously, ρ is
isomorphism of the bundle π to the bundle π ◦ ρ−1 over X . At the same time, fibrations
π and π ◦ ρ−1 of Y are not equivalent. Let ρ be a bundle isomorphism of Y → X over X .
Given an atlas Ψ = {Uξ, ψξ} of Y , there always exists the atlas
Ψ ◦ ρ−1 = {Uξ, ψ′ξ = ψξ ◦ ρ−1} (2.1)
of Y such that the bundle coordinates of points ρ(y) with respect to Ψ ◦ ρ−1 coincide with
the bundle coordinates of points y with respect to Ψ. •
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2.2 Differential forms and multivectors
In this Section Z is an m-dimensional manifold.
An exterior differential r-form (or simply a r-form) φ on a manifold Z is a section of the
bundle
r∧T ∗Z → Z. The 1-forms are called the Pfaffian forms. We utilize the coordinate
expression
φ = φλ1...λrdz
λ1 ∧ · · · ∧ dzλr , | φ |= r,
where the summation is over all ordered collections (λ1, ..., λr). We denote by Or(Z) and
O(Z) the vector space of r-forms and the Z-graded algebra of all differential forms on a
manifold Z respectively.
Given a map f : Z → Z ′, by f ∗φ is meant the pullback on Z of a form φ on Z ′ by f . We
recall the relations
f ∗(φ ∧ σ) = f ∗φ ∧ f ∗σ, df ∗φ = f ∗(dφ).
Contraction of a vector field u = uµ∂µ and a r-form φ on Z is given in coordinates by
u⌋φ = uµφµλ1...λr−1dzλ1 ∧ · · · ∧ dzλr−1 .
There is the relation
u⌋(φ ∧ σ) = u⌋φ ∧ σ + (−1)|φ|φ ∧ u⌋σ.
The Lie derivative Luφ of an exterior form φ along a vector field u is defined to be
Luφ = u⌋dφ+ d(u⌋φ).
It satisfies the relation
Lu(φ ∧ σ) = Luφ ∧ σ + φ ∧ Luσ.
Example 2.3. Let Ω be a 2-form on Z. It defines the bundle morphism
Ω♭ : TZ → T ∗Z, Ω♭(v) def= −v⌋Ω(z), v ∈ TzZ. (2.2)
In coordinates, if Ω = Ωµνdz
µ ∧ dzν and v = vµ∂µ, then
Ω♭(v) = −Ωµνvµdzν .
One says that Ω is of constant rank k if the corresponding morphism (2.2) is of constant
rank k (i.e., k is the greatest integer n such that Ωn is not the zero form). The rank of
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a nondegenerate 2-form is equal to dimZ. A nondegenerate closed 2-form is called the
symplectic form. •
A multivector field ϑ of degree r (or simply a r-vector field) on a manifold Z is a section
of the bundle
r∧TZ → Z. It is given by the coordinate expression
ϑ = ϑλ1...λr∂λ1 ∧ · · · ∧ ∂λr , | ϑ |= r,
where summation is over all ordered collections (λ1, ..., λr).
We denote by Vr(Z) and V(Z) the vector space of r-vector fields and the Z-graded
algebra of all multivector fields on a manifold Z respectively. The latter is provided with
the Schouten-Nijenhuis bracket
[., .] : Vr(Z)× Vs(Z)→ Vr+s−1(Z)
which generalizes the Lie bracket of vector fields [5, 52]. This bracket has the coordinate
expression
ϑ = ϑλ1...λr∂λ1 ∧ · · · ∧ ∂λr , υ = υα1...αs∂α1 ∧ · · · ∧ ∂αs ,
[ϑ, υ] = ϑ ⋆ υ + (−1)|ϑ||υ|υ ⋆ ϑ,
ϑ ⋆ υ = ϑµλ1...λr−1∂µυ
α1...αs∂λ1 ∧ · · · ∧ ∂λr−1 ∧ ∂α1 ∧ · · · ∧ ∂αs .
There are the relations
[ϑ, υ] = (−1)|ϑ||υ|[υ, ϑ],
[ν, ϑ ∧ υ] = [ν, ϑ] ∧ υ + (−1)|ν||ϑ|+|ϑ|ϑ ∧ [ν, υ],
(−1)|ν||ϑ|+|ν|[ν, ϑ ∧ υ] + (−1)|ϑ||ν|+|ϑ|[ϑ, υ ∧ ν] + (−1)|υ||ϑ|+|υ|[υ, ν ∧ ϑ] = 0.
Example 2.4. Let w = wµν∂µ ∧ ∂ν be a bivector field. We have
[w,w] = wµλ1∂µw
λ2λ3∂λ1 ∧ ∂λ2 ∧ ∂λ3 . (2.3)
Every bivector field w on a manifold Z yields the associated bundle morphism w♯ : T ∗Z →
TZ defined by
w♯(p)⌋q def= w(z)(p, q), w♯(p) = wµν(z)pµ∂ν , p, q ∈ T ∗z Z. (2.4)
A bivector field w whose bracket (2.3) vanishes is called the Poisson bivector field. •
Elements of the tensor product Or(Z)⊗ V1(Z) are called the tangent-valued r-forms on
Z. They are sections
φ = φµλ1...λrdz
λ1 ∧ · · · ∧ dzλr ⊗ ∂µ
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of the bundle
r∧T ∗Z⊗TZ → Z. Tangent-valued 1-forms are usually termed the (1,1) tensor
fields.
Example 2.5. There is the 1:1 correspondence between the tangent-valued 1-forms on Z
and the linear bundle morphisms
φ : TZ → TZ, φ : TzZ ∋ v 7→ v⌋φ(z) ∈ TzZ (2.5)
over Z. In particular, the canonical tangent-valued 1-form θZ = dz
λ⊗∂λ defines the identity
morphism of TZ. •
2.3 Tangent and cotangent bundles of bundles
The tangent bundle TY → Y of a bundle Y → X has the vertical tangent subbundle V Y
given by the coordinate condition x˙λ = 0. It is coordinatized by (xλ, yi, y˙i) with respect to
the holonomic fibre bases {∂i}. Given a bundle morphism Φ : Y → Y ′, the restriction of the
tangent morphism TΦ to V Y ⊂ TY is the vertical tangent morphism
V Φ : V Y → V Y ′, y˙′i ◦ V Φ = y˙j∂jΦi.
We shall utilize the notation
∂V = y˙
j ∂
∂yj
. (2.6)
Example 2.6. If Y → X and an affine bundle modelled on the vector bundle Y → X , there
are the canonical isomorphisms
V Y = Y ×
X
Y , V Y = Y ×
X
Y .
•
The vertical cotangent bundle V ∗Y → Y of Y → X is defined to be the vector bundle
dual to the vertical tangent bundle V Y → Y . It is not a subbundle of the cotangent bundle
T ∗Y . We shall denote by {dyi} the fibre bases for V ∗Y which are dual to the fibre bases
{∂i} for V Y .
We have the following exact sequences:
0→ V Y →֒
Y
TY →
Y
Y ×
X
TX → 0, (2.7a)
0→ Y ×
X
T ∗X →֒
Y
T ∗Y →
Y
V ∗Y → 0. (2.7b)
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Any splitting
Γ : TX →֒
Y
TY, ∂λ 7→ ∂λ + Γiλ(y)∂i, (2.8a)
Γ : V ∗Y →֒
Y
T ∗Y, dyi 7→ dyi − Γiλ(y)dxλ, (2.8b)
of these sequences corresponds to the choice of a connection on the bundle Y → X .
Let us consider the bundles TT ∗X and T ∗TX . Given the coordinates (xλ, pλ = x˙λ)
of T ∗X and (xλ, vλ = x˙λ) of TX , these bundles are coordinatized by (xλ, pλ, x˙
λ, p˙λ) and
(xλ, vλ, x˙λ, v˙λ) respectively. By inspection of the coordinate transformation laws, one can
show that they are isomorphic over TX (see also [13, 27]):
TT ∗X =
TX
T ∗TX, pλ ←→ v˙λ, p˙λ ←→ x˙λ.
Given a bundle Y → X , the similar isomorphism of the bundles V V ∗Y and V ∗V Y over
V Y takes place. In coordinates (xλ, yi, pi = y˙i) of V
∗Y and (xλ, yi, vi = y˙i) of V Y , this
isomorphism reads
V V ∗Y =
V Y
V ∗V Y, pi ←→ v˙i, p˙i ←→ y˙i. (2.9)
2.4 Forms and vector fields on bundles
Let π : Y → X be a bundle coordinatized by (xλ, yi).
A vector field u on Y → X is termed projectable when there is a vector field τ on X such
that
Tπ ◦ u = τ ◦ π.
Its coordinate expression reads
u = uµ(x)∂µ + u
i(y)∂i, τ = u
µ(x)∂µ.
A vertical vector field u = ui∂i is a projectable vector field over the zero vector field on X .
We mention the following types of forms on a bundle Y → X :
• horizontal forms
φ : Y → r∧T ∗X, φ = φλ1···λr(y)dxλ1 ∧ · · · ∧ dxλr ,
• tangent-valued horizontal forms
φ : Y → r∧T ∗X ⊗
Y
TY,
φ = dxλ1 ∧ · · · ∧ dxλr ⊗ [φµλ1···λr(y)∂µ + φiλ1···λr(y)∂i],
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• vertical-valued horizontal forms
φ : Y → r∧T ∗X ⊗
Y
V Y, φ = φiλ1···λr(y)dx
λ1 ∧ · · · ∧ dxλr ⊗ ∂i,
• pullback-valued forms
Y → r∧T ∗X ⊗
Y
TX, φ = φµλ1...λr(y)dx
λ1 ∧ · · · ∧ dxλr ⊗ ∂µ, (2.10)
Y → r∧T ∗X ⊗
Y
V ∗Y, φ = φλ1...λri(y)dx
λ1 ∧ · · · ∧ dxλr ⊗ dyi. (2.11)
Horizontal 1-forms on Y are called semi-basic forms. If such a form is the pullback π∗φ
of a 1-form φ on X , it is said to be a basic form. If there is no danger of confusion, we shall
denote the pullbacks π∗φ onto Y of forms φ on X by the same symbol φ.
Vertical-valued horizontal 1-forms
σ : Y → T ∗X ⊗
Y
V Y, σ = σiλdx
λ ⊗ ∂i, (2.12)
are termed the soldering forms.
Note that the forms (2.10) are not tangent-valued forms, and the forms (2.11) are not
exterior forms. The pullbacks
φ = φµλ1···λr(x)dx
λ1 ∧ · · · ∧ dxλr ⊗ ∂µ
of tangent-valued forms on X onto Y exemplify the pullback-valued forms (2.10).
Horizontal forms of degree n = dimX on a bundle Y → X are called the horizontal
densities. In sequel, we shall exploit the notation
ω = dx1 ∧ · · · ∧ dxn, ωλ = ∂λ⌋ω, ∂µ⌋ωλ = ωµλ. (2.13)
2.5 Distributions
Let Z be an m-dimensional manifold. A k-codimensional smooth distribution T on Z is
defined to be a subbundle of rank m− k of the tangent bundle TZ. A smooth distribution
T is called involutive if [u, u′] is a section of T whenever u and u′ are sections of T .
Let T be a k-codimensional distribution on Z. Its annihilator T ∗ is a k-dimensional
subbundle of T ∗Z called the Pfaffian system. It means that, on a neighborhood U of every
point z ∈ Z, there exist k linearly independent sections φ1, . . . , φk of T ∗ such that
Tz |U= ∩
j
Kerφj
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Let C(T ) be the ideal of O(Z) generated by sections of T ∗.
Proposition 2.3. A smooth distribution T is involutive iff the ideal C(T ) is differential,
that is, dC(T ) ⊂ C(T ) [54]. ✷
Remark 2.7. Given an involutive k-codimensional distribution T on Z, the quotient TZ/T
is a k-dimensional vector bundle called the transversal bundle of T . There is the exact
sequence
0→ T →֒ TZ → TZ/T → 0. (2.14)
Given a bundle Y → X , its vertical tangent bundle V Y exemplifies an involutive distribution
on Y . In this case, the exact sequence (2.14) is just the exact sequence (2.7a). •
A submanifold N of Z is called the integral manifold of a distribution T on Z if the
tangent spaces to N coincide with the fibres of this distribution at each point of N .
Theorem 2.4. Let T be a smooth involutive distribution on Z. For any point z ∈ Z, there
exists a maximal integral manifold of T passing through z [26, 35, 54]. ✷
In view of this fact, involutive distributions are also called completely integrable distribu-
tions.
Corollary 2.5. Every point z ∈ Z has an open neighborhood U which is a domain of a
coordinate chart (z1, . . . , zm) such that the restrictions of T and T ∗ to U are generated by
the m−k vector fields ∂
∂z1
, . . . , ∂
∂zm−k
and the k Pfaffian forms dzm−k+1, . . . , dzm respectively.
✷
In particular, it follows that integral manifolds of an involutive distribution constitute
a foliation. Recall that a k-codimensional foliation on a m-dimensional manifold Z is a
partition of Z into connected leaves Fι with the following property. Every point of Z has an
open neighborhood U which is a domain of a coordinate chart (zα) such that, for every leaf
Fι, the components Fι ∩ U are described by the equations zm−k+1 =const. ,..., zm =const.
[26, 43]. Note that leaves of a foliation fail to be imbedded submanifolds in general.
Example 2.8. Every projection π : Z → X defines a foliation whose leaves are the fibres
π−1(x), x ∈ X . •
Example 2.9. Every nowhere vanishing vector field u on a manifold Z defines a 1-
dimensional involutive distribution on Z. Its integral manifolds are the integral curves of
u. In virtue of the Corollary 2.5, around each point z ∈ Z, there exist local coordinates
(z1, . . . , zm) of a neighborhood of z such that u is given by u = ∂
∂z1
. •
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2.6 First order jet manifolds
Differential operators, differential equations and Lagrangian formalism are conventionally
phrased in terms of jet manifolds [8, 30, 41, 47, 45, 50].
Given a bundle Y → X , its first order jet manifold J1Y comprises the equivalence classes
j1xs, x ∈ X , of sections s : X → Y so that sections s and s′ belong to the same class iff
Ts |TxX= Ts′ |TxX .
Roughly speaking, sections s, s′ ∈ j1xs are identified by their values si(x) = s′i(x) and the
values of their partial derivatives ∂µs
i(x) = ∂µs
′i(x) at the point x of X . There are the
natural fibrations
π1 : J
1Y ∋ j1xs 7→ x ∈ X, π01 : J1Y ∋ j1xs 7→ s(x) ∈ Y.
Given bundle coordinates (xλ, yi) of Y , the jet manifold J1Y is equipped with the adapted
coordinates
(xλ, yi, yiλ), (y
i, yiλ)(j
1
xs) = (s
i(x), ∂λs
i(x)),
y′
i
λ =
∂xµ
∂x′λ
(∂µ + y
j
µ∂j)y
′i. (2.15)
A glance at (2.15) shows that J1Y → Y is an affine bundle modelled on the vector bundle
T ∗X ⊗
Y
V Y → Y. (2.16)
Proposition 2.6. There exist the canonical bundle monomorphisms
λ : J1Y →֒
Y
T ∗X ⊗
Y
TY, λ = dxλ ⊗ dλ = dxλ ⊗ (∂λ + yiλ∂i), (2.17)
θ : J1Y →֒
Y
T ∗Y ⊗
Y
V Y, θ = θi ⊗ ∂i = (dyi − yiλdxλ)⊗ ∂i, (2.18)
where dλ are called the total derivatives. ✷
Remark 2.10. The total derivatives obey the relations
dλ ◦ d = d ◦ dλ, dλ(φ ∧ σ) = dλφ ∧ σ + φ ∧ dλσ, φ, σ ∈ O(Y ).
•
The monomorphisms (2.17) and (2.18) enable us to express jets into the tangent-valued
forms.
2 PRELIMINARIES 12
Let Φ : Y → Y ′ be a bundle morphism over a diffeomorphism f ofX . The jet prolongation
of Φ is the morphism
J1Φ : J1Y → J1Y ′, J1Φ : j1xs 7→ j1f(x)(Φ ◦ s ◦ f−1).
Its coordinate expression is given by (2.15).
Every section s of a bundle Y → X admits the jet prolongation to the section
(J1s)(x) = j1xs, (y
i, yiλ) ◦ J1s = (si(x), ∂λsi(x)),
of the bundle J1Y → X . A section of J1Y → X is called holonomic if it is the jet prolon-
gation of a section of Y → X .
Every projectable vector field u = uλ∂λ + u
i∂i on Y → X has the jet lift to the vector
field
u = r ◦ J1u : J1Y → J1TY → TJ1Y,
u = uλ∂λ + u
i∂i + (dλu
i − yiµ∂λuµ)∂λi , (2.19)
on the bundle J1Y → X . In the definition of u, we use the bundle morphism
r : J1TY → TJ1Y, y˙iλ ◦ r1 = (y˙i)λ − yiµx˙µλ.
In particular, there exists the canonical isomorphism
V J1Y = J1V Y, y˙iλ = (y˙
i)λ. (2.20)
As a consequence, the jet lift (2.19) of a vertical vector field u on Y → X coincides with its
jet prolongation
u = J1u = ui∂i + dλu
i∂λi .
If a bundle Y → X is endowed with an algebraic structure, the jet bundle J1Y → X
inherits this algebraic structure due to the jet prolongations of the corresponding morphisms.
For instance, if Y is a vector bundle, J1Y → X does as well. If Y is an affine bundle modelled
on a vector bundle Y → X , then J1Y → X is an affine bundle modelled on the vector bundle
J1Y → X .
The canonical monomorphisms (2.17) and (2.18) determine the canonical splitting
x˙λ∂λ + y˙
i∂i = x˙
λ(∂λ + y
i
λ∂i) + (y˙
i − x˙λyiλ)∂i (2.21)
of the pullback J1Y ×
Y
TY and the dual splitting
x˙λdx
λ + y˙idy
i = (x˙λ + y˙iy
i
λ)dx
λ + y˙i(dy
i − yiλdxλ) (2.22)
of the pullback J1Y ×
Y
T ∗Y . In particular, we get the canonical splitting of a vector field on
Y :
u = uλ∂λ + u
i∂i = uH + uV = u
λ(∂λ + y
i
λ∂i) + (u
i − uλyiλ)∂i. (2.23)
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2.7 Second order jet manifolds
The repeated jet manifold J1J1Y is defined to be the jet manifold of the bundle J1Y → X .
It is provided with the adapted coordinates (xλ, yi, yiλ, y
i
(µ), y
i
λµ).
There are the projections
π11 : J
1J1Y → J1Y, yiλ ◦ π11 = yiλ, (2.24)
J1π01 : J
1J1Y → J1Y, yiλ ◦ J1π01 = yi(λ). (2.25)
They coincide on the sesquiholonomic subbundle Ĵ2Y → J1Y of J1J1Y which is given by
the coordinate conditions yi(λ) = y
i
λ. It is coordinatized by (x
λ, yi, yiλ, y
i
λµ).
The second order jet manifold J2Y of a bundle Y → X is the subbundle of Ĵ2Y → J1Y
defined by the coordinate conditions yiλµ = y
i
µλ. It is coordinatized by (x
λ, yi, yiλ, y
i
λ≤µ)
together with the transition functions
y′
i
λµ =
∂xα
∂x′µ
(∂α + y
j
α∂j + y
j
να∂
ν
j )y
′i
λ.
The second order jet manifold J2Y of Y comprises the equivalence classes j2xs of sections s
of Y → X such that
yiλ(j
2
xs) = ∂λs
i(x), yiλµ(j
2
xs) = ∂µ∂λs
i(x).
In other words, two sections s, s′ ∈ j2xs are identified by their values and the values of their
first and second order derivatives at the point x ∈ X .
Let Φ : Y → Y ′ be a bundle morphism over a diffeomorphism of X and J1Φ its jet
prolongation. Let us consider the jet prolongation J1J1Φ : J1J1Y → J1J1Y ′ of J1Φ.
Restricted to the second order jet manifold J2Y , the morphism J1J1Φ takes its values in
J2Y ′. It is called the second order jet prolongation J2Φ of Φ.
Similarly, the repeated jet prolongation J1J1s of a section s of Y → X is a section of the
bundle J1J1Y → X . It takes its values into J2Y and defines the following second order jet
prolongation of s:
(J2s)(x) = (J1J1s)(x) = j2xs.
2.8 Ehresmann connections
A connection Γ on Y is usually defined to be a splitting (2.8a) (or (2.8b)) of the exact
sequence (2.7a) (or (2.7b)). There are the corresponding decompositions
TY = Γ(TX)⊕
Y
V Y, T ∗Y = T ∗X ⊕
Y
Γ(V ∗X). (2.26)
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It is readily observed that the canonical splittings (2.21) – (2.22) of TY and T ∗Y over
the jet bundle J1Y → Y enable us to recover the splittings (2.26) by means of a section
Γ = dxλ ⊗ (∂λ + Γiλ(y)∂i), Γ′iλ = (
∂y′i
∂yj
Γjµ +
∂y′i
∂xµ
)
∂xµ
∂x′λ
, (2.27)
of this jet bundle. Substituting Γ (2.27) into (2.21) – (2.22), we obtain the familiar splittings
x˙λ∂λ + y˙
i∂i = x˙
λ(∂λ + Γ
i
λ∂i) + (y˙
i − x˙λΓiλ)∂i,
x˙λdx
λ + y˙idy
i = (x˙λ + Γ
i
λy˙i)dx
λ + y˙i(dy
i − Γiλdxλ) (2.28)
corresponding to (2.26).
Hereafter, we follow the notion of a connection on Y → X as a section of the jet bundle
J1Y → Y . It is called the Ehresmann connection.
Example 2.11. Let Y → X be a vector bundle. A linear connection on Y reads
Γ = dxλ ⊗ [∂λ − Γijλ(x)yj∂i]. (2.29)
Let Y → X be an affine bundle modelled on a vector bundle Y → X . An affine connection
on Y reads
Γ = dxλ ⊗ [∂λ + (−Γijλ(x)yj + Γiλ(x))∂i],
where Γ = dxλ ⊗ [∂λ − Γijλ(x)yj∂i] is a linear connection on Y . •
Since the affine jet bundle J1Y → Y is modelled on the vector bundle (2.16), Ehresmann
connections on Y → X constitute an affine space modelled on the linear space of soldering
forms on Y . If Γ is a connection and σ is a soldering form (2.12) on Y , its sum
Γ + σ = dxλ ⊗ [∂λ + (Γiλ + σiλ)∂i]
is a connection on Y . Conversely, if Γ and Γ′ are connections on Y , then
Γ− Γ′ = (Γiλ − Γ′iλ)dxλ ⊗ ∂i
is a soldering form.
We mention the following operations with connections.
(i) Let Γ be a connection on Y → X and Γ′ a connection on Y ′ → X . There exists the
product connection Γ× Γ′ on Y ×
X
Y .
(ii) Every linear connection Γ on a vector bundle Y → X yields the dual linear connection
Γ∗iλ = Γ
j
iλ(x)yj
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on the dual vector bundle Y ∗ → X .
Example 2.12. A linear connection K on the tangent bundle TX of a manifold X and the
dual connection K∗ to K on the cotangent bundle T ∗X read
Kαλ = −Kανλ(x)x˙ν , K∗αλ = Kναλ(x)x˙ν . (2.30)
•
(iii) Given a connection Γ on Y → X , the vertical tangent morphism V Γ yields the
vertical connection
V Γ = dxλ ⊗ (∂λ + Γiλ ∂∂yi + ∂V Γiλ ∂∂y˙i ), ∂V Γiλ = y˙j∂jΓiλ, (2.31)
on the bundle V Y → X due to the canonical isomorphism (2.20). The dual covertical
connection on the bundle V ∗Y → X reads
V ∗Γ = dxλ ⊗ (∂λ + Γiλ ∂∂yi − y˙i∂jΓiλ ∂∂y˙j ). (2.32)
(iv) For every connection Γ on Y → X , one can construct its jet lift JΓ onto the bundle
J1Y → X as follows. Note that the jet prolongation J1Γ of the connection Γ on Y is a
section of the repeated jet bundle (2.25), but not of the bundle π11 (2.24). Let K
∗ be a
linear symmetric connection (2.30) on the cotangent bundle T ∗X of X . There exists the
affine bundle morphism
rK : J
1J1Y → J1J1Y, rK ◦ rK = IdJ1J1Y ,
(yiλ, y
i
(µ), y
i
λµ) ◦ rK = (yi(λ), yiµ, yiµλ +Kαλµ(yiα − yi(α))).
We set
JΓ = rK ◦ J1Γ = dxµ ⊗ [∂µ + Γiµ∂i + (dλΓiµ −Kαλµ(yiα − Γiα))∂λi ]. (2.33)
The curvature of a connection Γ is given by the horizontal vertical-valued 2-form
R =
1
2
∑
Riλµdx
λ ∧ dxµ ⊗ ∂i,
Riλµ = ∂λΓ
i
µ − ∂µΓiλ + Γjλ∂jΓiµ − Γjµ∂jΓiλ. (2.34)
In particular, the curvature of the linear connection (2.29) reads
Riλµ(y) = −Rijλµ(x)yj,
Rijλµ = ∂λΓ
i
jµ − ∂µΓijλ + ΓkjµΓikλ − ΓkjλΓikµ.
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A connection Γ on Y → X yields the first order differential operator
DΓ : J
1Y → T ∗X ⊗
Y
V Y, DΓ = (y
i
λ − Γiλ)dxλ ⊗ ∂i, (2.35)
called the covariant differential relative to Γ. The corresponding covariant derivative of a
section s of Y is
∇Γs = DΓ ◦ J1s = [∂λsi − (Γ ◦ s)iλ]dxλ ⊗ ∂i.
A local section s of a Y → X is said to be an integral section for a connection Γ on Y if
Γ ◦ s = J1s, that is, ∇Γs = 0.
Remark 2.13. Every connection Γ on the bundle Y → X defines a system of first order
differential equations on Y (in the spirit of [8, 31, 41]) which is an imbedded subbundle
Γ(Y ) = KerDΓ of the jet bundle J
1Y → Y . It is given by the coordinate relations
yiλ = Γ
i(y). (2.36)
Integral sections for Γ are local solutions of (2.36), and vice versa. •
2.9 Curvature-free connections
Every connection Γ on Y → X , by definition, yields the horizontal distribution Γ(TX) ⊂ TY
(2.8a) on Y . It is generated by horizontal lifts
τΓ = τ
λ(∂λ + Γ
i
λ∂i)
onto Y of vector fields τ = τλ∂λ on X . The associated Pfaffian system is locally generated
by the forms (dyi − Γiλdxλ).
Proposition 2.7. The horizontal distribution Γ(TX) is involutive iff Γ is a curvature-free
connection. ✷
Proof. Straighforward calculations show that
[τΓ, τ
′
Γ] = ([τ, τ
′])Γ
iff the curvature R (2.34) of Γ vanishes everywhere. •
Remark 2.14. Obviously, not every bundle admits a curvature-free connection. If a prin-
cipal bundle over a simply connected base (i.e., its first homotopy group is trivial) admits a
curvature-free connection, this bundle is trivializable [29]. •
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In virtue of Theorem 2.4, the horizontal distribution defined by a curvature-free connec-
tion is completely integrable. The corresponding foliation on Y is transversal to the foliation
defined by the fibration π : Y → X . It is called the horizontal foliation. Its leaf through
a point y ∈ Y is defined locally by the integral section sy of the connection Γ through y.
Conversely, let Y admits a horizontal foliation such that, for each point y ∈ Y , the leaf of
this foliation through y is locally defined by some section sy of Y → X through y. Then,
the map
Γ : Y → J1Y, Γ(y) = j1ssy, π(y) = x.
is well defined. This is a curvature-free connection on Y .
Corollary 2.8. There is the 1:1 correspondence between the curvature-free connections
and the horizontal foliations on a bundle Y → X . ✷
Given a horizontal foliation on Y → X , there exists the associated atlas of bundle
coordinates (xλ, yi) of Y such that (i) every leaf of this foliation is locall generated by the
equations yi =const. and (ii) the transition functions yi → y′i(yj) are independent on the
coordinates xλ of the base X [26]. It is called the atlas of constant local trivializations.
Two such atlases are said to be equivalent if their union also is an atlas of constant local
trivializations. They are associated with the same horizontal foliation.
Corollary 2.9. There is the 1:1 correspondence between the curvature-free connections Γ
on a bundle Y → X and the equivalence classes of atlases Ψc of constant local trivializations
of Y such that Γiλ = 0 relative to the coordinates of the corresponding atlas Ψc [9]. ✷
Connections on a bundle over a 1-dimensional base X1 are curvature-free connections.
Example 2.15. Let Y → X1 be such a bundle (X1 = R or X1 = S1, see Remark 2.1). It
is coordinatized by (t, yi), where t is either the canonical parameter of R or the standard
local coordinate of S1 together with the transition functions t′ = t+const. Relative to this
coordinate, the base X1 is provided with the standard vector field ∂t and the standard 1-
form dt. Let Γ be a connection on Y → X1. In virtue of Proposition 2.7, such a connection
defines a horizontal foliation on Y → X1. Its leaves are the integral curves of the horizontal
lift
τΓ = ∂t + Γ
i∂i (2.37)
of ∂t by Γ (see Example 2.9). The corresponding Pfaffian system is locally generated by the
forms (dyi − Γidt). There exists an atlas of constant local trivializations (t, yi) such that
Γi = 0 and τΓ = ∂t relative to these coordinates. •
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A connection Γ on Y → X1 is called complete if the horizontal vector field (2.37) is
complete.
Proposition 2.10. Every trivialization of Y → R defines a complete connection. Con-
versely, every complete connection on Y → R defines a trivialization Y ≃ R × M . The
vector field (2.37) comes to the vector field ∂t on R×M . ✷
Proof. Every trivialization of Y → R defines a one-parameter group of isomorphisms
of Y → R over IdR, and hence a complete connection. Conversely, let Γ be a complete
connection on Y → R. The vector field τΓ (2.37) is the generator of a 1-parameter group
GΓ which acts freely on Y . The orbits of this action are of course the integral sections of
τΓ. Hence we get a projection Y →M = Y/GΓ which, together with the projection Y → R,
defines a trivialization Y ≃ R×M . •
2.10 Composite connections
Let us consider a bundle π : Y → X which admits a composite fibration
Y
πYΣ−→Σ πΣX−→X, (2.38)
where Y → Σ and Σ→ X are bundles. It is equipped with the bundle coordinates (xλ, σm, yi)
together with the transition functions
xλ → x′λ(xµ), σm → σ′m(xµ, σn), yi → y′i(xµ, σn, yj),
where (xµ, σm) are bundle coordinates of Σ→ X .
Example 2.16. We have the composite bundles
TY → Y → X, V Y → Y → X, J1Y → Y → X.
•
Let
A = dxλ ⊗ (∂λ + Aiλ∂i) + dσm ⊗ (∂m + Aim∂i) (2.39)
be a connection on the bundle Y → Σ and
Γ = dxλ ⊗ (∂λ + Γmλ ∂m)
a connection on the bundle Σ→ X . Given a vector field τ on X , let us consider its horizontal
lift τΓ onto Σ by Γ and then the horizontal lift (τΓ)A of τΓ onto Y by the connection (2.39).
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Proposition 2.11. There exists the connection
γ = dxλ ⊗ [∂λ + Γmλ ∂m + (AimΓmλ + Aiλ)∂i]. (2.40)
on Y → X such that the horizontal lift τγ onto Y of any vector field τ on X consists with
the above mentioned lift (τΓ)A [45, 48]. It is called the composite connection. ✷
Given a composite bundle Y (2.38), the exact sequence
0→ V YΣ →֒ V Y → Y ×
Σ
V Σ→ 0
over Y take place, where V YΣ is the vertical tangent bundle of Y → Σ. Every connection
(2.39) on the bundle Y → Σ yields the splitting
V Y = V YΣ⊕
Y
(Y ×
Σ
V Σ),
y˙i∂i + σ˙
m∂m = (y˙
i − Aimσ˙m)∂i + σ˙m(∂m + Aim∂i).
Due to this splitting, one can construct the first order differential operator
D˜ = pr1 ◦Dγ : J1Y → T ∗X ⊗
Y
V Y → T ∗X ⊗
Y
V YΣ,
D˜ = dxλ ⊗ (yiλ − Aiλ −Aimσmλ )∂i, (2.41)
on the composite manifold Y , where Dγ is the covariant differential (2.35) relative to the
composite connection (2.40). We call D˜ the vertical covariant differential.
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3 Symplectic geometry
This Section aims to recall the basic notions of symplectic geometry which we shall need in
sequel [1, 2, 35, 52].
3.1 Jacobi structure
Let Z be a manifold. The Jacobi bracket (or the Jacobi structure) on Z is defined to be a
bilinear map
S(Z)× S(Z) ∋ (f, g)→ {f, g} ∈ S(Z),
where S(Z) is the linear space of smooth functions on Z, which satisfies the following con-
ditions:
(A1) {g, f} = −{f, g} (skew-symmetry),
(A2) {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 (Jacobi identity),
(A3) the support of {f, g} is contained in the intersection of the supports of f and g.
Proposition 3.1. Every Jacobi bracket on a manifold Z is uniquely defined in accordance
with the relation
{f, g} = w(df, dg) + u⌋(fdg − gdf) (3.1)
by a vector field u and a bivector field w on Z such that
Luw = 0, [w,w] = 2u ∧ w (3.2)
[28, 37, 38]. ✷
Taking w = 0, every vector field u on a manifold Z defines the Jacobi bracket (3.1). The
relations (3.2) are obviously satisfied.
The Jacobi bracket (3.1) with u = 0 is said to be a Poisson bracket (see Section 3.3).
Contact forms on an odd-dimensional manifold generate Jacobi brackets which are not the
Poisson ones (see next Section).
3.2 Contact forms
Definition 3.2. Given a (2m+ 1)-dimensional manifold Z, a contact form on Z is defined
to be a Pfaffian form θ such that the form θ ∧ (dθ)m 6= everywhere on Z. The pair (Z, θ) is
called the contact manifold. ✷
3 SYMPLECTIC GEOMETRY 21
Note that a manifold Z equipped with a contact form θ is orientable, and θ ∧ (dθ)m is a
volume element.
The assertion below is a variant of the well-known Darboux’s theorem [35].
Theorem 3.3. Let (Z, θ) be a (2m+ 1)-dimensional contact manifold. Every point z of Z
has an open neighborhood U which is the domain of a coordinate chart (z0, . . . , z2m) such
that the contact form θ has the local expression
θ = dz0 −
m∑
i=1
zm+idzi
on U . These coordinates are called Darboux’s coordinates. ✷
If θ is a contact form, its differential dθ is a presymplectic form of rank 2m (see Definition
3.10).
Proposition 3.4. Let θ be a contact form on Z. There exists the unique nowhere vanishing
vector field E on Z such that
E⌋θ = 1, E⌋dθ = 0.
It is called the Reeb vector field of θ [35]. ✷
Relative to Darboux’s coordinates, the Reeb vector field reads E = ∂0.
Proposition 3.5. Every contact form θ on an odd-dimensional manifold Z yields the
associated Jacobi structure on Z. It is defined by the Reeb vector field E of θ and by the
bivector field w such that
w♯φ⌋θ = 0, w♯φ⌋dθ = −(φ− (E⌋φ)θ) (3.3)
for every φ ∈ O1(Z) [38]. ✷
Relative to Darboux’s coordinates, the Jacobi structure (3.3) reads
{f, g} =
m∑
i=1
(∂m+ig∂if − ∂m+if∂ig) + (g˜∂0f − f˜∂0g),
where
f˜ =
m∑
i=1
zm+i∂m+if + f, g˜ =
m∑
i=1
zm+i∂m+ig + g.
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3.3 Poisson structure
According to (3.2), a bivector field w on a manifold Z provides a Poisson structure if it obeys
the condition
[w,w] = 0, wµλ1∂µw
λ2λ3 + wµλ2∂µw
λ3λ1 + wµλ3∂µw
λ1λ2 = 0.
It is called the Poisson bivector (see Example 2.4). A manifold Z equipped with a Poisson
bivector w is called the Poisson manifold (Z,w).
Besides the conditions (A1 – A3), the Poisson bracket
{f, g} = w(df, dg)
satisfies also the Leibniz rule
{h, fg} = {h, f}g + f{h, g}. (3.4)
A Poisson structure defined by a Poisson bivector w is said to be regular if the associated
morphism w♯ : T ∗Z → TZ (2.4) has a constant rank. Hereafter, by a Poisson structure is
meant a regular Poisson structure.
A Poisson structure is called nondegenerate if w♯ is an isomorphism. If the Poisson
structure w is nondegenerate, it induces the symplectic form Ω on Z defined by the coordinate
relation Ωαβ = (w
−1)βα, and vice versa (see Proposition 3.11). A nondegenerate Poisson
structure can exist only on an even-dimensional manifold (see next Section).
Note that there are no pullback or push-forward operations of Poisson structures by
manifold morphisms in general. The following assertion deals with Poisson projections,
whereas Theorem 3.8 is concerned with Poisson injections.
Proposition 3.6. Let (Z,w) be a Poisson manifold and π : Z → Y a projection. The
following properties are equivalent:
(i) for every pair (f, g) of functions on Y and for each point y ∈ Y , the restriction of the
function {f ◦ π, g ◦ π} to the fibre π−1(y) is constant;
(ii) there exists a Poisson structure on Y for which π is a Poisson morphism.
If such a Poisson structure exists, it is unique [35]. ✷
Definition 3.7. Given a function f on a Poisson manifold (Z,w), the image
ϑf = w
♯df, ϑf = w
µν∂µf∂ν ,
of its differential df by the morphism w♯ is called the Hamiltonian vector field of f . ✷
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The Hamiltonian vector field ϑf , by definition, obeys the relation
ϑf⌋dg = {f, g} (3.5)
for any function g on Z. It is easy to see that
[ϑf , ϑg] = ϑ{f,g}. (3.6)
This relation provides the set of Hamiltonian vector fields with a Lie algebra structure. Using
(3.4) and (3.6), one can show that
(Lϑhw)(df, dg) = ϑh⌋d{f, g} − {ϑh⌋df, g} − {f, ϑh⌋dg} = 0.
It follows that a Hamiltonian vector field generates a (local) 1-parameter group of isomor-
phisms of the Poisson manifold (Z,w).
The values of all Hamiltonian vector fields at all points of Z constitute the characteristic
distribution of the Poisson manifold (Z,w). In virtue of the relation (3.6), this distribution
is involutive. We have the following theorem.
Theorem 3.8. The characteristic distribution of a Poisson manifold (Z,w) is completely
integrable. The Poisson structure induces the symplectic structures on leaves of the corre-
sponding foliation of Z [52]. It is called the symplectic foliation. ✷
Of course, the symplectic foliation has the adapted coordinates described in Corollary
2.5. Moreover, one can choose these coordinates in such a way to bring the Poisson bracket
in the following canonical form [52, 55].
Proposition 3.9. For any point z of a Poisson manifold, there are local coordinates
(z1, . . . , zr, y1, . . . , yk, p1, . . . , pk) near z such that
{yi, yj} = {pi, pj} = {yi, zα} = {pi, zα} = {zβ, zα} = 0, {pi, yj} = δji . (3.7)
✷
3.4 Symplectic structure
Definition 3.10. A 2-form Ω on a manifold Z is called presymplectic if it is closed. A
presymplectic form Ω is said to be symplectic if it is nondegenerate (see Example 2.3). ✷
A manifold Z equipped with a symplectic [presymplectic] form is said to be a symplectic
[ presymplectic] manifold.
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Proposition 3.11. On every even-dimensional manifold Z, there is the 1:1 correspondence
between the symplectic forms Ω and the Poisson bivectors w in accordance with the equalities
w(φ, σ) = Ω(w♯φ, w♯σ), Ω(ϑ, ν) = w(Ω♭ϑ,Ω♭ν), φ, σ ∈ O1(Z), ϑ, ν ∈ V1(Z),
(see relations (2.2) and (2.4)) [36]. ✷
In particular, the notion of a Hamiltonian vector field may also be introduced on sym-
plectic manifolds.
Definition 3.12. A vector field ϑ on a symplectic manifold (Z,Ω) is said to be locally
Hamiltonian [Hamiltonian] if the form ϑ⌋Ω is closed [exact]. ✷
As an immediate consequence of this definition, we observe that:
(i) a vector field ϑ is locally Hamiltonian iff it is an infinitesimal symplectomorphism,
that is,
LϑΩ = d(ϑ⌋Ω) = 0;
(ii) a vector field ϑ is Hamiltonian iff it is a Hamiltonian vector field in accordance with
Definition 3.7, i.e. ϑ = ϑf , where
df = −ϑf⌋Ω, ϑf = ∂if∂i − ∂if∂i.
Note that Definition 3.12 of locally Hamiltonian and Hamiltonian vector fields applies
also to presymplectic manifolds.
Example 3.1. Let M be a manifold coordinatized by (yi) and let T ∗M be its cotangent
bundle provided with the holonomic coordinates (yi, pi = y˙i). The cotangent bundle T
∗M is
a well-known symplectic manifold equipped with the canonical symplectic form
Ω = dpi ∧ dyi (3.8)
which is the differential of the canonical Liouville form
θ = pidy
i (3.9)
on T ∗M . These forms are canonical in the sense that the expressions (3.8) and (3.9) are
maintained under arbitrary transformations of the coordinates yi and the corresponding
holonomic transformations of the coordinates pi. Furthermore, for every closed 2-form φ on
M , the form Ω + φ is also a symplectic form on T ∗M . •
The canonical symplectic form (3.8) plays a fundamental role in view of Darboux’s the-
orem [35].
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Theorem 3.13. Let (Z,Ω) be a symplectic manifold. Every point x of Z has an open
neighborhood U which is the domain of a coordinate chart (y1, . . . , yn, p1, . . . , pn) such that
the symplectic form Ω has the local expression (3.8) on U . Such coordinates are called
canonical. ✷
Proof. It is an immediate consequence of Proposition 3.9 and Proposition 3.11. •
Remark 3.2. Canonical coordinates on the manifold T ∗M are not adapted to the fibration
T ∗M → M in general. For instance, the local coordinates (y′i = −pi, p′i = yi) on T ∗M also
are canonical. •
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4 Polysymplectic geometry
We consider first order Lagrangian and Hamiltonian formalisms on a bundle Y → X over
an n-dimensional base manifold X [11, 18, 25, 27, 46, 48].
4.1 Lagrangian formalism
Let Y → X be a bundle coordinatized by (xλ, yi). In jet terms, a first order Lagrangian is
defined to be a horizontal density L = Lω on the jet manifold J1Y (see the notation (2.13)).
The jet manifold J1Y plays the role of the finite-dimensional configuration space of sections
of Y → X . We shall use the notation
πλi = ∂
λ
i L, π˜ = L − πλi yiλ.
We base our consideration on the first variational formula which provides the canoni-
cal decomposition of the Lie derivatives of Lagrangians along projectable vector fields in
accordance with the variational task [3, 16, 19, 32, 49].
Let u = uλ∂λ+u
i∂i be a projectable vector field on Y → X and u its jet lift (2.19). Given
a Lagrangian density L, we have the following canonical decomposition of the Lie derivative
of L along u:
LuL ≡ uV ⌋EL + h0d(u⌋ΞL), (4.1)
where uV is the vertical part (2.23) of u,
h0 : dy
i 7→ yiλdxλ, dyiµ 7→ yiµλdxλ,
is the operator of horizontalization,
EL = (∂i − dλ∂λi )L dyi ∧ ω (4.2)
is the Euler–Lagrange operator, and ΞL is some Lepagean equivalent of L on J
1Y .
We restrict our consideration to the Poincare´–Cartan form
ΞL = π
λ
i dy
i ∧ ωλ + π˜ω. (4.3)
This is the only Lepagean equivalent which has the partner in the framework of the Hamilto-
nian formalism (see Section 4.7). Moreover, if n = 1, this is the unique Lepagean equivalent
of a Lagrangian.
The kernel Ker EL ⊂ J2Y of the Euler–Lagrange operator (4.2) defines the system of
second order Euler–Lagrange equations
(∂i − dλ∂λi )L = 0 (4.4)
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on the bundle Y → X . On sections s of Y → X , these equations read
∂iL− (∂λ + ∂λsj∂j + ∂λ∂µsj∂µj )∂λi L = 0. (4.5)
Remark 4.1. Note that different Lagrangians L and L′ lead to the same Euler–Lagrange
operator iff
L′ = L+ h0(ǫ), (4.6)
where ǫ is a closed n-form on Y [32]. Any closed form ǫ on Y is a Lepagean form. Let L be a
Lagrangian and ρL its Lepagian equivalent. Then, the Lepagian form ρL+ ǫ is the Lepagean
equivalent of the Lagrangian (4.6). •
4.2 Legendre morphisms
Every first order Lagrangian L yields the Legendre morphism L̂ of the jet manifols J1Y to
the Legendre manifold
Π = V ∗Y ∧
Y
(
n−1∧ T ∗X) = V ∗Y ∧
Y
(
n∧T ∗X)⊗
Y
TX (4.7)
which plays the role of the finite-dimensional phase space of sections of Y → X . Given
the bundle coordinates (xλ, yi) of Y → X , the Legendre bundle (4.7) is coordinatized by
(xλ, yi, pλi ), where p
λ
i are the holonomic coordinates with the transition functions
p′
λ
i = det(
∂xε
∂x′ν
)
∂yj
∂y′i
∂x′λ
∂xµ
pµj . (4.8)
Relative to these coordinates, the Legendre morphism L̂ reads
pµi ◦ L̂ = πµi . (4.9)
The Poincare´–Cartan form ΞL (4.3) defines a morphism Ξ̂L of the jet manifold J
1Y to
the homogeneous Legendre manifold
Z = T ∗Y ∧ (n−1∧ T ∗X) (4.10)
provided with the holonomic coordinates (xλ, yi, pλi , p) with the transition functions (4.8)
and
p′ = det(
∂xε
∂x′ν
)(p− ∂y
j
∂y′i
∂y′i
∂xµ
pµj ). (4.11)
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Relative to these coordinates, the morphism Ξ̂L reads
(pµi , p) ◦ Ξ̂L = (πµi , π˜). (4.12)
A glance at the expression (4.11) shows that Z → Π is a 1-dimensional affine bundle.
We have the exact sequence
0→ n∧T ∗X →֒Z → Π→ 0.
The homogeneous Legendre manifold (4.10) is equipped with the canonical n-form
Ξ = pω + pλi dy
i ∧ ωλ. (4.13)
Its coordinate expression (4.13) is maintained under holonomic coordinate transformations
(4.8) and (4.11). The Poincare´–Cartan form ΞL (4.3) is the pullback of Ξ by the morphism
Ξ̂L (4.12).
4.3 Polysymplectic structure
The Legendre manifold (4.7) possesses the canonical polysymplectic form
Λ = dpλi ∧ dyi ∧ ω ⊗ ∂λ (4.14)
whose coordinate expression (4.14) is maintained under holonomic coordinate transforma-
tions (4.8). It is a pullback-valued form of the type (2.10).
Remark 4.2. The polysymplectic form (4.14) can be introduced in different ways. The
Legendre manifold Π is equipped also with the the generalized Liouville form
Θ = −pλi dyi ∧ ω ⊗ ∂λ. (4.15)
Since (4.15) is a pullback-valued form, one can not act on Θ by the exterior differential in
order to recover the polysymplectic form Λ (4.14). At the same time, Λ is the unique form
which obeys the relation
Λ⌋φ = −d(Θ⌋φ)
for any Pfaffian form φ on X . •
Given the atlas of holonomic coordinates (xλ, yi, pλi ), let us examine the coordinate trans-
formations between these coordinates and any coordinate atlas adapted to the bundle Π→ X
which keep invariant the coordinate form (4.14) of Λ. They will be called the polysymplectic
canonical coordinate transformations.
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We find that, since yi and pλi parameterize spaces of different dimensions if n > 1,
polysymplectic canonical coordinate transformations have a simpler structure than that of
the symplectic (n = 1) ones (see Remark 3.2). Precisely they are compatible with the
fibration Π→ Y and are exhausted by the holonomic coordinate transformations (4.8) and
the translations
p′
λ
i = p
λ
i + r
λ
i (y), ∂jr
λ
i (y) = ∂ir
λ
j (y). (4.16)
Hereafter, we consider only holonomic coordinates (xλ, yi, pλi ) of Π.
4.4 Hamiltonian connections
Let J1Π be the jet manifold of the bundle Π→ X . It is provided with the adapted coordi-
nates (xλ, yi, pλi , y
i
µ, p
λ
iµ).
Definition 4.1. By analogy with the notion of a Hamiltonian vector field (see Definition
3.12), a connection
γ = dxλ ⊗ (∂λ + γiλ∂i + γµiλ∂iµ)
on the bundle Π → X is said to be locally Hamiltonian [Hamiltonian] if the exterior form
γ⌋Λ is closed [exact]. ✷
It is readily observed that a connection γ is locally Hamiltonian iff it obeys the conditions
∂iλγ
j
µ − ∂jµγiλ = 0, ∂iγµjµ − ∂jγµiµ = 0, ∂jγiλ + ∂iλγµjµ = 0. (4.17)
Example 4.3. Given a linear symmetric connection K (2.30) on T ∗X , every connection Γ
on the bundle Y → X gives rise to the connection
Γ˜ = dxλ ⊗ [∂λ + Γiλ∂i + (−∂jΓiλpµi −Kµνλpνj +Kααλpµj )∂jµ] (4.18)
on Π → X . It is easy to see that Γ˜⌋Λ = 0 and, consequently, the connection (4.18) is a
locally Hamiltonian connection. Actually Γ˜ appears to be a Hamiltonian connection (see
Example 4.4). •
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4.5 Hamiltonian forms
Definition 4.2. A n-form H on the Legendre bundle Π is called a general Hamiltonian
form if there exists a Hamiltonian connection such that
γ⌋Λ = dH.
✷
Unless otherwise stated, general Hamiltonian forms will be considered modulo closed
forms.
Proposition 4.3. Let H be a general Hamiltonian form. For any horizontal density
H˜ = H˜ω on the bundle Π→ X , the form H − H˜ is a Hamiltonian form. ✷
The following example shows that general Hamiltonian forms on Π always exist.
Example 4.4. Let Γ andK be as in Example 4.3. Then Γ˜ (4.18) is a Hamiltonian connection
for the general Hamiltonian form
HΓ = Γ⌋Θ = pλi dyi ∧ ωλ − pλi Γiλ(y)ω,
where Θ is the generalized Liouville form (4.15). •
Definition 4.4. A general Hamiltonian form H on Π is said to be Hamiltonian if it has
the splitting
H = HΓ − H˜Γ = pλi dyi ∧ ωλ − (pλi Γiλ + H˜Γ)ω = pλi dyi ∧ ωλ −Hω (4.19)
modulo closed forms, where Γ is a connection on Y and H˜Γ is a horizontal density. ✷
This splitting is preserved under the holonomic coordinate transformations (4.8), but not
under translations (4.16).
Proposition 4.5. There is the 1:1 correspondence between the Hamiltonian forms H and
the sections h of the bundle Z → Π. We have
H = h∗Ξ,
where Ξ is the canonical form (4.13) on Z ✷
Proof. It is an immediate consequence of the expression (4.19) for Hamiltonian forms. •
By a momentum morphism we shall mean any bundle morphism
Φ : Π→
Y
J1Y, Φ = dxλ ⊗ (∂λ + Φiλ∂i). (4.20)
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For instance, let Γ be a connection on the bundle Y → X . Then, the composition Γ ◦πΠY is
a momentum morphism. Conversely, every momentum morphism Φ defines the associated
connection ΓΦ = Φ ◦ 0̂ on Y → X , where 0̂ is the global zero section of Π→ Y .
Proposition 4.6. Every Hamiltonian form H (4.19) on the Legendre manifold Π yields
the associated momentum morphism
Ĥ : Π→ J1Y, (xλ, yi, yiλ) ◦ Ĥ = (xλ, yi, ∂iλH), (4.21)
and the associated connection ΓH = Ĥ ◦ 0̂ on Y → X . Conversely, every momentum
morphism (4.20) defines the Hamiltonian form
HΦ = Φ⌋Θ = pλi dyi ∧ ωλ − pλiΦiλω.
✷
Given a Hamiltonian form H (4.19), there are the algebraic conditions
γiλ = ∂
i
λH, γλiλ = −∂iH
for a Hamiltonian connection γ to be associated with a given Hamiltonian form H . It should
be emphasized that, if n > 1, there exist different Hamiltonian connections for the same
Hamiltonian form in general.
Let a Hamiltonian connection γ associated with a Hamiltonian form H have an integral
section r of Π→ X , that is, γ ◦r = J1r. Then r satisfies the system of first order differential
equations
yiλ = ∂
i
λH, (4.22a)
pλiλ = −∂iH (4.22b)
on Π. They are called the Hamilton equations. It is readily observed that, if r is a solution
of the Hamilton equations (4.22a) – (4.22b), it obeys the relations
J1(πΠY ◦ r) = Ĥ ◦ r.
4.6 Hamiltonian and Lagrangian formalisms
We now turn to the relations between the Lagrangian formalism and the polysymplectic
Hamiltonian formalism. Let L be a Lagrangian and Q = L̂(J1Y ). We shall call Q the
Lagrangian constraint space.
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A Hamiltonian form H is said to be associated with L if it obeys the conditions
L̂ ◦ Ĥ|Q = IdQ, , pµi = ∂µi L(xλ, yj, ∂jλH(p)), p ∈ Q, (4.23a)
H
Ĥ
−H = L ◦ Ĥ, pµi ∂iµH−H ≡ L(xλ, yj, ∂jλH). (4.23b)
It should be emphasized that there may be different Hamiltonian forms associated with
L in general. We restrict our consideration to Lagrangians which are semiregular, that is,
the preimage L̂−1(q) of each point q ∈ Q is a connected submanifold of J1Y .
All Hamiltonian forms associated with a semiregular Lagrangian L coincide with each
other on the Lagrangian constraint space Q, and the Poincare´–Cartan form ΞL (4.3) is the
pullback
ΞL = L̂
∗H, πλi y
i
λ − L ≡ H(xµ, yi, πλi ), (4.24)
of any such a Hamiltonian form H by the Legendre morphism L̂. In this case, the following
relation between solutions of the Euler–Lagrange equations and solutions of the Hamilton
equations takes place [44, 56].
Proposition 4.7. Let a section r of Π → X be a solution of the Hamilton equations
(4.22a) – (4.22b) for a Hamiltonian form H associated with a semiregular Lagrangian L. If
r lives on the Lagrangian constraint space Q, the section s = πΠY ◦ r of Y → X satisfies the
Euler–Lagrange equations (4.5) for L. Conversely, given a semiregular Lagrangian L, let s
be a solution of the corresponding Euler–Lagrange equations. Let H be a Hamiltonian form
associated with L such that
Ĥ ◦ L̂ ◦ J1s = J1s. (4.25)
Then, the section r = L̂ ◦ J1s of Π → X is a solution of the Hamilton equations (4.22a) –
(4.22b) for H . ✷
We say that a family of Hamiltonian forms H associated with a semiregular Lagrangian
L is complete if, for each solution s of the Euler–Lagrange equations, there exists a solution
r of the Hamilton equations for some Hamiltonian form H of this family so that
r = L̂ ◦ J1s, s = πΠY ◦ r. (4.26)
Example 4.5. In case of a hyperregular Lagrangian L (i.e., the Legendre morphism L̂ is a
diffeomorphism), the Lagrangian formalism and the polysymplectic Hamiltonian formalism
are equivalent. There exists the unique Hamiltonian form
H = H
L̂−1
+ L ◦ L̂−1
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associated with L. The corresponding momentum morphism (4.21) is the diffeomorphism
Ĥ = L̂−1. As a consequence, there is the 1:1 correspondence between the solutions of
the Euler–Lagrange equations for L and the Hamilton equations for H . In case of a regular
Lagrangian L (i.e., L̂ is a local diffeimorphism), the Lagrangian constraint space Q is an open
submanifold of the Legendre manifold Π. If a regular Lagrangian density is also semiregular,
the associated Legendre morphism is a diffeomorphism of J1Y onto Q and, on Q, we can
recover all results true for hyperregular Lagrangians. •
Remark 4.6. Given a Hamiltonian form H (4.19) on the Legendre manifold Π (4.7), let us
consider the Lagrangian
LH = (p
λ
i y
i
λ −H)ω (4.27)
on the configuration space J1Π coordinatized by (xλ, yi, pµi , y
i
λ, p
µ
iλ). This Lagrangian does
not depend on the coordinates pµiλ. It is readily observed that the Poincare´–Cartan form ΞLH
(4.3) of the Lagrangian (4.27) consists with the Hamiltonian form H and the Euler–Lagrange
equations (4.4) for LH recover the Hamilton equations (4.22a) – (4.22b) for H . •
4.7 Vertical extension of the polysymplectic formalism
In time-dependent mechanics, the machinery that we present below provides the the way to
maintain the form (4.19) of Hamiltonian forms under canonical transformations. By analogy
with the BRS generalization of mechanics [22, 23], it represents also a first step toward the
BRS quantization of the polysymplectic Hamiltonian formalism.
Given a bundle Y → X , let us consider its vertical tangent bundle V Y coordinatized by
(xλ, yi, y˙i). We show that the Hamiltonian formalism for sections of Y → X is naturally
extended to the Hamiltonian formalism for sections of V Y → X .
The Legendre manifols (4.7) corresponding to V Y → X is
ΠV Y = V
∗V Y ∧
V Y
(
n−1∧ T ∗X).
It is coordinatized by (xλ, yi, y˙i, qλi , v
λ
i ).
Proposition 4.8. In virtue of the bundle isomorphism (2.9), there exists the bundle iso-
morphism
ΠV Y =
V Y
V Π, qλi ←→ p˙λi , vλi ←→ pλi , (4.28)
where (xλ, yi, pλi , y˙
i, p˙λi ) are the coordinates of VΠ. ✷
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We shall utilize the compact notation
∂˙i =
∂
∂y˙i
, ∂˙iλ =
∂
∂p˙λi
. (4.29)
Recall also the notation ∂V (2.6).
One can develop the Hamiltonian formalism on ΠV Y by analogy with that on Π. The
manifold VΠ is equipped with the canonical polysymplectic form
ΛV = [dp˙
λ
i ∧ dyi + dpλi ∧ dy˙i] ∧ ω ⊗ ∂λ. (4.30)
Its coordinate expression is maintained under holonomic transformations of the composite
bundle VΠ→ Π→ Y .
Proposition 4.9. Let γ be a Hamiltonian connection on Π associated with a Hamilto-
nian form H (4.19). Then, the vertical connection V γ (2.31) is a Hamiltonian connection
associated with the Hamiltonian form
HV = (p˙
λ
i dy
i − y˙idpλi ) ∧ ωλ −HV , HV = ∂VH = (y˙i∂i + p˙λi ∂iλ)H. (4.31)
✷
Proof. It is easily justified that, given a Hamiltonian connection
γ = dxµ ⊗ (∂µ + γiµ∂i + γλiµ∂iλ), γiµ = ∂iµH, γλiλ = −∂iH,
the vertical connection
V γ = dxµ ⊗ [∂µ + γiµ∂i + γλiµ∂iλ + ∂V γiµ∂˙i + ∂V γλiµ∂˙iλ]
obeys the Hamilton equations for the Hamiltonian form (4.31):
γiµ = ∂˙
i
µHV = ∂iµH,
γλiλ = −∂˙iHV = −∂iH,
γ˙iµ = ∂
i
µHV = ∂V ∂iµH,
γ˙λiλ = −∂iHV = −∂V ∂iH.
•
In particular, if there is the splitting H = pλi Γiλ + H˜ relative to some connection Γ on
Y → X , then we have the splitting
HV = p˙λi Γiλ − y˙j(−pλi ∂jΓiλ) + ∂V H˜
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with respect to the lift Γ˜ (4.18) of Γ onto Π→ X .
Note that the Hamiltonian form HV (4.31) can be obtained also in the following way.
Given the homogeneous Legendre manifold Z (4.10), let us consider the vertical tangent bun-
dle V Z of Z → X coordinatized by (xλ, yi, pλi , p, y˙i, p˙λi , p˙). It is provided with the canonical
form
ΞV = p˙ω + p˙
λ
i dy
i ∧ ωλ − y˙idpλi ∧ ωλ
whose expression is maintained under holonomic coordinate transformations. Note that one
can utilize also the form ΞV + d(y˙
ipλi ) ∧ ωλ since the form d(y˙ipλi ) ∧ ωλ is well-behaved.
Put H = h∗Ξ, where h is a section of the bundle Z → Π. Then, we have
HV = (V h)
∗ΞV ,
where V h : V Π→ V Z is the vertical tangent morphism to h.
We now turn to the vertical extension of the Lagrangian formalism on J1Y onto the
configuration space V J1Y = J1V Y coordinatized by (xλ, yi, yiλ, y˙
i, y˙iλ). Given a Lagrangian
L on J1Y , let us consider the Lagrangian
LV = pr2 ◦ V L : V J1Y →
n∧T ∗X, LV = ∂VL = (y˙i∂i + y˙iλ∂λi )L, (4.32)
on V J1Y . It is readily observed that the variational derivative δ˙iLV = δiL recovers the
Euler–Lagrange equations (4.4).
The Lagrangian (4.32) yields the Legendre morphism
L̂V = V L̂ : V J
1Y →
V Y
VΠ, (4.33)
pλi = ∂˙
λ
i LV = πλi , p˙λi = ∂V πλi .
Conversely, given a Hamiltonian form HV (4.31) on V Π, there is the momentum morphism
ĤV = V Ĥ : VΠ→
V Y
V J1Y,
yiλ = ∂˙
i
λHV = ∂iλH, y˙iλ = ∂V ∂iλH.
Let us consider the relation between the Hamiltonian form HV and the Lagrangian LV
if the Hamiltonian form H is associated with the Lagrangian L.
Proposition 4.10. The Legendre morphism (4.33) is a surjection of V J1Y onto V Q. ✷
Proof. One can show that the equations
p˙λi = (y˙
i∂i + y˙
i
λ∂
λ
i )π
λ
i
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are equivalent to the equations
(p˙λi ∂
i
λ + y˙
i∂i)⌋d[pµi − ∂µi L(xλ, yj, ∂jλH(p))] = 0
characterizing tangent vectors to the fibres of the Lagrangian constraint bundle Q. •
Moreover, V Q appears to be the image of L̂V restricted to Ĥ(Q). It follows that a
relation similar to (4.23a) takes place. At the same time, a relation similar to (4.23b) holds
only on the constraint space Q. Let a Hamiltonian form H be associated with a semiregular
Lagrangian L. Then, the Hamiltonian form HV and the Lagrangian LV (which fails to be
semiregular in general) satisfy the relation similar to (4.24) on Ĥ(Q).
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5 Time-dependent Hamiltonian mechanics
To describe time-dependent mechanical systems, let us consider a bundle Y → X with a
m-dimensional standard fibre M over a 1-dimensional base X . It is provided with bundle
coordinates (t, yi). Observe that:
(i) the jet manifold J1Y is modelled on the vertical tangent bundle V Y of Y ;
(ii) the Legendre bundle Π (4.7) over Y is the vertical cotangent bundle V ∗Y of Y
coordinatized by (t, yi, pi);
(iii) the homogeneous Legendre bundle Z (4.10) over Y is the cotangent bundle T ∗Y of
Y coordinatized by (t, yi, p, pi).
Remark 5.1. If the base manifold is contractible, i.e. X = R, the bundle Y → X is
trivializable. Given a trivialization
Y ≃ R×M, (5.1)
we have the corresponding splittings
J1Y ≃ R× TM
Π ≃ R× T ∗M. (5.2)
•
5.1 n = 1 Reduction of the polysymplectic formalism
The phase space Π = V ∗Y . It is provided with the holonomic coordinates (t, yi, pi) possessing
the transition functions
p′i =
∂yj
∂y′i
pj. (5.3)
The Legendre manifold Π admits the canonical form Λ (4.14) which reads
Λ = dpi ∧ dyi ∧ dt⊗ ∂t. (5.4)
As a particular case of the polysymplectic machinery of the previous Section, we say that a
connection
γ = dt⊗ (∂t + γi∂i + γi∂i)
5 TIME-DEPENDENT HAMILTONIAN MECHANICS 38
on the bundle Π→ X is locally Hamiltonian [Hamiltonian] if the exterior form γ⌋Λ is closed
[exact]. A connection γ is locally Hamiltonian iff it obeys the conditions (4.17) which now
take the form
∂iγj − ∂jγi = 0, ∂iγj − ∂jγi = 0, ∂jγi + ∂iγj = 0.
As in Example 4.3, we observe that every connection Γ = dt⊗ (∂t + Γi∂i) on the bundle
Y → X gives rise to the Hamiltonian connection
Γ˜ = dt⊗ (∂t + Γi∂i − ∂jΓipi∂j) (5.5)
on Π → X which consists with the covertical connection V ∗Γ (2.32). The corresponding
Hamiltonian form is
HΓ = pidy
i − piΓidt. (5.6)
Let H be a Hamiltonian form (4.19) on Π = V ∗Y . It reads
H = pidy
i −Hdt = pidyi − piΓidt− H˜Γdt. (5.7)
We call H and H˜ in the decomposition (5.7) the Hamiltonian and the Hamilton function
respectively. Let γ be a Hamiltonian connection on Π→ X associated with the Hamiltonian
form (5.7). It satisfies the relations
γ⌋Λ = dpi ∧ dyi + γidyi ∧ dt− γidpi ∧ dt = dH,
γi = ∂iH, γi = −∂iH. (5.8)
A glance at the equations (5.8) shows that, in the case of mechanics, one and only one
Hamiltonian connection is associated with a given Hamiltonian form.
In accordance with Remark 2.13, every connection γ on Π→ X yields the system of first
order differential equations (2.36) which reads
yit = γ
i, pit = γi. (5.9)
They are called the evolution equations. If γ is a Hamiltonian connection associated with the
Hamiltonian form H (5.7), the evolution equations (5.9) come to the Hamilton equations
yit = ∂
iH, (5.10a)
pit = −∂iH. (5.10b)
Note that, once a trivialization (5.2) is chosen, the Hamiltonian form (5.7) yields the
well-known Poincare´–Cartan integral invariant [35]. At the same time, the splitting (5.7) is
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not maintained under canonical transformations (see Section 5.4). This fact calls into play
the general Hamiltonian forms (see Proposition 5.10).
Another well-known ingredient in time-dependent mechanics is the horizontal lift
τH = ∂t + ∂
iH∂i − ∂iH∂i (5.11)
onto Π of the standard vector field ∂t onX by means of a Hamiltonian connection γ associated
with a Hamiltonian form H (5.7). It is a nowhere vanishing vector field on Π which obeys
the relations
τH⌋H = pi∂iH−H, τH⌋dH = 0. (5.12)
We call τH (5.11) the horizontal Hamiltonian vector field of the Hamiltonian form H .
Remark 5.2. Every connection γ on a bundle Π → X is a curvature-free connection (see
Example 2.15). In virtue of Proposition 2.7, such a connection defines a horizontal foliation
on Π→ X . Its leaves are the integral curves of the horizontal lift
τγ = ∂t + γ
i∂i + γi∂
i (5.13)
of ∂t by γ. The corresponding Pfaffian system is locally generated by the forms (dy
i− γidt)
and (dpi − γidt). •
It follows that every Hamiltonian connection and, accordingly, every Hamiltonian form
defines the corresponding Hamiltonian foliation on Π. Its leaves are integral curves of the
horizontal Hamiltonian vector field (5.11). One can think of these integral curves as being
the generalized solutions of the Hamilton equations (5.10a) and (5.10b) (in accordance with
the definition of generalized solutions given in [31]). They locally coincide with the integral
sections of the Hamiltonian connection γ.
Given a function f on Π, we have the Hamiltonian evolution equation
τH⌋df = dHtf = (∂t + ∂iH∂i − ∂iH∂i)f (5.14)
relative to the Hamiltonian H. On solutions r of the Hamilton equations, (5.14) is equal to
the total time derivative of the function f :
r∗dHtf =
d
dt
(f ◦ r).
The goal is to write the Hamiltonian evolution equation (5.14) in the terms of a Poisson
bracket.
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5.2 Canonical Poisson structure
Let us consider the homogeneous phase space Z = T ∗Y . The canonical form Ξ (4.13) on it
comes to the canonical Liouville form
Ξ = pdt+ pidy
i. (5.15)
Its exterior differential is the canonical symplectic form
dΞ = dp ∧ dt+ dpi ∧ dyi. (5.16)
The corresponding Poisson bracket on the space S(Z) of functions on Z reads
{f, g} = ∂pf∂tg − ∂pg∂tf + ∂if∂ig − ∂ig∂if. (5.17)
Let us consider the subspace of S(Z) which consists of the pullbacks of functions on Π
by the projection Z → Π. It is easily observed that this subspace is closed under the Poisson
bracket (5.17). Then, according to Proposition 3.6, one can show that the canonical Poisson
structure (5.17) on Z induces the canonical Poisson structure
{f, g}V = ∂if∂ig − ∂ig∂if (5.18)
on Π by the projection Z → Π. The corresponding bivector on Π is vertical with respect to
the projection Π→ X . It reads
wij = 0, wij = 0, w
i
j = 1.
Since the rank of w is constant, the Poisson structure (5.18) is regular.
The Poisson structure (5.18) is obviously degenerate. It defines the symplectic foliation
on Π which coincides with the fibration Π → X . The Hamiltonian vector fields associated
with the Poisson bracket (5.18) are the vertical vector fields on Π → X . The Hamiltonian
vector field ϑf of a function f is defined by the relation (3.5):
{f, g}V = ϑf⌋dg, g ∈ S(Π).
It reads
ϑf = ∂
if∂i − ∂if∂i. (5.19)
Note that the bundle coordinates (t, yi, pi) of Π are exactly the canonical coordinates
(3.7) for the Poisson structure (5.18). In particular, the symplectic forms on the fibres of
Π→ X are the pullbacks
Ωx = dpi ∧ dyi
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of the canonical symplectic form on the standard fibre T ∗M of the bundle Π → X with
respect to morphisms of trivialization.
The Poisson structure (5.18) on Π can be introduced in a different way [10]. There exists
the canonical closed 3-form
Ω = dpi ∧ dyi ∧ dt, (5.20)
on the Legendre manifold Π. With this form, every function f on Π defines a vertical vector
field ϑf on the bundle Π→ X by the relation
ϑf⌋Ω = df ∧ dt.
Then, the Poisson bracket (5.18) is given by condition
ϑg⌋ϑf⌋Ω = {f, g}V dt. (5.21)
The canonical forms Λ (5.4) and Ω (5.20) on Π can be considered on the same footing
as follows.
Proposition 5.1. Let u be a vector field on Π projected onto the standard vector field ∂t
on X . This vector field obeys the relation
LuΩ = d(u⌋Ω) = 0 (5.22)
iff it is the horizontal lift τγ (5.13) of ∂t onto Π by means of a locally Hamiltonian connection
γ on Π → X . In particular, τγ⌋Ω = dH if γ is a Hamiltonian connection and H is the
corresponding general Hamiltonian form. ✷
Proposition 5.2. If γ is a Hamiltonian connection associated with a Hamiltonian form
H and ϑf is the Hamiltonian vector field (5.19), then γ + ϑfdt is a Hamiltonian connection
associated with the Hamiltonian form H + fdt. ✷
Given a Hamiltonian connection γ for a Hamiltonian form H , let us consider its splitting
H = H0 + H˜dt, γ = γ0 + ϑdt, (5.23)
where H0 is some Hamiltonian form, γ0 is the Hamiltonian connection for H0, and ϑ is
the Hamiltonian vector field of the function H˜. One can bring the Hamiltonian evolution
equation (5.14) relative to H into the form compatible with the splitting (5.23). It reads
dHtf = dH0tf + {H˜, f}V = ∂tf + (γ0i∂i + γ0i∂i)f + {H˜, f}V . (5.24)
A glance at this expression shows that Hamiltonian evolution equations in time-dependent
mechanics do not reduce to the Poisson brackets.
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≀ This fact becomes relevant to the quantization problem. The second term on the
right-hand side of the equation (5.24) remains classical. ≀
In this context, the main problem is to express the Hamiltonian evolution equation of
a classical system in terms of the Poisson bracket. Then, one can bring this Hamiltonian
evolution equation into the operator evolution equation under quantization. A glance at the
expression (5.24) shows that this is possible only with respect to the splitting (5.23), where
the connection γ0 is brought into zero by a canonical coordinate transformation (see Section
5.4).
From physical viewpoint, the splitting (5.23) has a meaning if the connection γ0 charac-
terizes a reference frame (see Section 5.6).
5.3 Presymplectic and contact structures
Besides the canonical Poisson structure, there is no other canonical structure on the phase
space Π = V ∗Y of time-dependent mechanics in general. At the same time, there are
structures on Π specified by the choice of a Hamiltonian form H .
In virtue of Proposition 4.5, every Hamiltonian form H on the phase space Π is the pull-
back H = h∗Ξ of the Liouville form (5.15) by a section h of the bundle Z → Π. Accordingly,
its differential
dH = (dpi + ∂iHdt) ∧ (dyi − ∂iHdt)
is the pullback h∗dΞ of the symplectic form (5.16). It is a presymplectic form of the constant
rank 2m since the form
(dH)m = (dpi ∧ dyi)m −m(dpi ∧ dyi)m−1 ∧ dH ∧ dt (5.25)
is obviously nowhere vanishing. However, this presymplectic structure does not introduce any
essentially new object because the corresponding Hamiltonian vector fields are proportional
to the horizontal Hamiltonian vector field τH (5.11). At the same time, a Hamiltonian form
(5.7) satisfying certain conditions is a contact form which defines a nondegenerate Jacobi
structure on Π as follows.
Proposition 5.3. A Hamiltonian form (5.7) is a contact form if the density
[H] = pi∂iH−H
nowhere vanishes [35]. ✷
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Proof. Since the horizontal Hamiltonian vector field τH (5.12) is nowhere vanishing, the
condition H ∧ (dH)m 6= 0 is equivalent to the condition
τH⌋(H ∧ (dH)m) = (τH⌋H)(dH)m = [H]dH)m 6= 0
and, since the form (dH)m (5.25) is nowhere vanishing, the result follows. •
Remark 5.3. In order to make [H] nowhere vanishing, one may add some exact form (e.g.,
cdt, c =const.) to H . For instance, the Hamiltonian form HΓ (5.6) is not a contact form
because [H] = 0, but the equivalent form HΓ − dt, where [H] = 1, is it. •
Given a Hamiltonian form H , let [H] be nowhere vanishing so that the form H is a
contact form. The corresponding Reeb vector field reads
EH = [H]−1τH . (5.26)
In virtue of Proposition 3.5, this form has the associated Jacobi bracket defined by the Reeb
vector field (5.26) and by the bivector field wH derived from the relations (3.3). We find
wH(φ, σ) = w
♯
Hφ⌋σ = φiσi + piσiEH⌋φ− [φ←→ σ],
w♯Hφ = −piφi[H]−1∂t + (φi − pjφj[H]−1∂iH)∂i +
(−φi + [H]−1(pjφj∂iH + piτH⌋φ))∂i,
where φ and σ are Pfaffian forms on Π. The corresponding Jacobi bracket (3.1) reads
{f, g}H = {f, g}V + [H]−1([g]dHtf − [f ]dHtg), (5.27)
where {f, g}V is the canonical Poisson bracket (5.18) and
[f ] = pi∂
if − f, [g] = pi∂ig − g.
In particular, let H have the splitting (5.23). We find
{H˜, g}H = [H]−1([g]dH0tH˜ − [H˜]dH0tg). (5.28)
Given a contact Hamiltonian form H , one can consider also the Jacobi bracket defined
by the Reeb vector field EH (5.26) alone. It reads
{f, g}E = [H]−1(fdHtg − gdHtf). (5.29)
Given the splitting (5.23), we find
{H˜, g}E = [H]−1(H˜dHtg − gdH0tH˜). (5.30)
A glance at the expressions (5.28) and (5.30) shows that the Jacobi brackets (5.27) and
(5.29) have no advantage over the Poisson bracket (5.18) in order to write the Hamiltonian
evolution equation (5.14).
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5.4 Canonical transformations
Up to now, we have followed the polysymplectic Hamiltonian formalism and have considered
transformations which keep the fibration Π → Y . Let us now examine canonical transfor-
mations of time-dependent mechanics which are not compatible with this fibration. Remind
that the base X is not transformed.
Definition 5.4. Given an atlas Ψ = {ψξ} of the bundle Π → X , the bundle coordinates
(t, yi, pi), where
yi(p) = (yi ◦ pr2 ◦ ψξ)(p), pi(p) = (pi ◦ pr2 ◦ ψξ)(p), p ∈ Π,
are said to be the canonical coordinates if, in these coordinates, the form Λ and equivalently
the form Ω are given by the canonical expressions (5.4) and (5.20). ✷
The canonical coordinate transformations satisfy the relations
∂p′i
∂pj
∂y′i
∂pk
− ∂p
′
i
∂pk
∂y′i
∂pj
= 0,
∂p′i
∂yj
∂y′i
∂yk
− ∂p
′
i
∂yk
∂y′i
∂yj
= 0, (5.31)
∂p′i
∂pj
∂y′i
∂yk
− ∂p
′
i
∂yj
∂y′i
∂pk
= δkj .
By definition, the holonomic coordinates of Π = V ∗Y are obviously canonical coordinates.
Definition 5.5. By a canonical transformation (morphism) is meant an isomorphism ρ of
the bundle Π → X over X such that any atlas Ψ of holonomic coordinates (t, yi, pi) of Π
and the atlas Ψ ◦ ρ−1 (2.1) of the coordinates
(t, y′
i
= yi ◦ ρ−1, p′i = pi ◦ ρ−1)
are related by the canonical coordinate transformations (5.31). ✷
The equivalent coordinate-free definition of a canonical morphism is the following.
Definition 5.6. A canonical morphism is an isomorphism ρ of the bundle Π→ X over X
which preserve the canonical form Ω (5.20), that is, ρ∗Ω = Ω. ✷
It is easily observed that canonical morphisms preserve the canonical Poisson structure
(5.18) on Π, that is,
{f ◦ ρ, g ◦ ρ}V = ({f, g}V ) ◦ ρ.
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Proposition 5.7. Canonical morphisms send Hamiltonian connections to Hamiltonian
connections. ✷
Proof. The proof is based on the relation Tρ(τγ) = τρ(γ), where γ is a connection on Π→ X
and τγ is the horizontal vector field (5.13). If γ is a Hamiltonian connection such that
τγ⌋Ω = dH , we have
τρ(γ)⌋Ω = (ρ−1)∗(τγ⌋Ω) = d((ρ−1)∗H).
•
A glance at the relation (5.22) shows that, for each locally Hamiltonian connection γ,
the horizontal Hamiltonian vector field τγ is the generator of a local 1-parameter group Gγ
of canonical morphisms of Π→ X . It leads to the following assertion.
Proposition 5.8. Let X = R and γ be a complete locally Hamiltonian connection on
Π→ R. There exist canonical coordinate transformations which bring γ into zero. ✷
Proof. In virtue of Proposition 2.10, there exists a trivialization of the bundle Π→ R such
that γi = 0, γi = 0 relative to coordinates which are constant along the integral curves of
τγ . Since Gγ is a group of canonical transformations, we deduce that the above-mentioned
coordinates are canonical. •
≀ From physical viewpoint, the above coordinates are the initial values of the canonical
variables. ≀
Corollary 5.9. The evolution equations (5.9) associated with a Hamiltonian connection
can be locally brought into the equilibrium equations
yit = 0, pit = 0
by canonical transformations. ✷
Example 5.4. Let us consider 1-dimensional motion with constant accellaration a with
respect to a reference frame whose coordinates are (t, y). The corresponding Hamiltonian
and the Hamiltonian connection read
H = p
2
2
− ay,
γy = p, γp = a. (5.32)
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This is a complete connection. The canonical transformation
y′ = y − pt + at
2
2
, p′ = p− at
brings the connection (5.32) into zero. •
Example 5.5. Let us consider the 1-dimensional oscillator with respect to the same frame.
The Hamiltonian and Hamiltonian connection of the oscillator read
H = 1
2
(p2 + y2),
γy = p, γp = −y. (5.33)
This is a complete connection. The canonical transformation
y′ = y cos t− p sin t, p′ = p cos t+ y sin t
brings the connection (5.33) into zero. •
Example 5.6. Let us consider 1-dimensional motion in a viscous medium with respect to
the reference frame in the previous Examples. It is described by the first order differential
evolution equation
yt = γ
y, pt = γp, (5.34)
where
γy = p, γp = −p (5.35)
is a connection on Π. It is a complete connection, but not locally Hamiltonian. The coordi-
nate transformation
y′ = y + p(1− et), p′ = pet (5.36)
brings the connection (5.35) into zero so that the equations (5.34) come to the equilibrium
equations
y′t = 0, p
′
t = 0.
However, (5.36) is not a canonical transformation. •
It should be emphasized that, in general, the canonical transformations introduced above
do not preserve the splitting (5.7). Consequently, they do not send a Hamiltonian form into
a Hamiltonian form and do not maintain the form of the Hamilton equations (5.8) in general.
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At the same time, Proposition 5.7 shows that canonical morphism send general Hamil-
tonian forms to general Hamiltonian forms.
Proposition 5.10. Let γ be a Hamiltonian connection on Π→ X and H the corresponding
general Hamiltonian form (see Definition 4.2). In virtue of Proposition 5.1, we have τγ⌋Ω =
dH . Let H ′ be another general Hamiltonian form. Then, σ = H ′−H is a 1-form on Π such
that
d(σ ∧ dt) = 0, (5.37)
∂jσi − ∂iσj = 0, ∂jσi − ∂iσj = 0, ∂jσi − ∂iσj = 0.
✷
It follows that, if ρ is a canonical morphism and H is a Hamiltonian form, then
ρ∗H = H − σ = pidyi − (H + σt)dt− σidyi − σidpi,
where σ = σtdt + σidy
i + σidpi is a 1-form on Π which satisfies (5.37). Accordingly, the
Hamilton equations (5.10a) – (5.10b) are brought into the form
yit = ∂
i(H + σt) + ∂tσi,
pit = −∂i(H + σt)− ∂tσi.
Remark 5.7. Every general Hamiltonian form is Hamiltonian locally. Every canonical
morphism ρ transforms a Hamiltonian form to a Hamiltonian form locally since the condition
(5.37) implies that σ = fdt+ dS locally, where f and S are local functions on Π. •
Canonical transformations keep the Hamilton equations if
ρ∗H = H − dS, (5.38)
where S is a function on Π called the generating function. In this case, one sais that ρ∗H and
H describe the same mechanical system. The relation (5.38) can be written as the Pfaffain
equation on the graph Πρ ⊂ Π×Π of the canonical morphism ρ.
In particular, assume that the graph Πρ is coordinatized by (t, y
i, y′i). The equality (5.38)
takes the coordinate form
p′idy
′i − pidyi + (H−H′)dt = −dS(t, yi, y′i).
It leads to the familiar relations
pi =
∂S
∂yi
, p′i = −
∂S
∂y′i
, H′ = H + ∂S
∂t
.
Example 5.8. The holonomic coordinate transformations (5.3) admit locally the generating
function S(t, y′j , pi) = y
i(t, y′j)pi. •
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5.5 Vertical extension of the Hamiltonian formalism
We now turn to the vertical extension of the time-dependent Hamiltonian formalism (see
Section 4.7) in order to make Hamiltonian forms and Hamilton equations invariant under
canonical transformations. In case of symplectic mechanics, the similar extension of the
symplectic geometry from T ∗M to TT ∗M has been considered in [1, 51].
Given a bundle Y → X , let us consider the Legendre manifold ΠV Y corresponding to
the bundle V Y → X . It is isomorphic to the vertical tangent bundle V Π = V V ∗Y of
Π→ X (see Proposition 4.8). We call ΠV Y the vertical phase space and provide it with the
coordinates (xλ, yi, pi, y˙
i, p˙i) of V Π (recall the notations (2.6) and (4.29)).
The canonical form Λ (5.4) on VΠ is the n = 1 reduction
ΛV = [dp˙i ∧ dyi + dpi ∧ dy˙i] ∧ dt⊗ ∂t (5.39)
of the form (4.30). The canonical form Ω (5.20) on VΠ reads
ΩV = [dp˙i ∧ dyi + dpi ∧ dy˙i] ∧ dt. (5.40)
With the canonical form (5.40), the vertical phase space VΠ can be equipped with the
canonical Poisson structure (5.18) given by the bracket
{f, g}V V = ∂˙if∂ig + ∂if∂˙ig − ∂ig∂˙if − ∂˙ig∂if. (5.41)
The notions of Hamiltonian connection, Hamiltonian vector field, horizontal Hamiltonian
vector field and Hamiltonian form on VΠ are the straightforward generalization of those in
Section 5.1.
Every Hamiltonian form HV on VΠ admits the splitting
HV = p˙idy
i − y˙idpi −HV , HV = (p˙iγ˜i − y˙iγ˜i + H˜V )dt, (5.42)
where γ is a connection on Π→ X . The corresponding Hamilton equations (5.8) takes the
form
γi = ∂˙iHV , (5.43a)
γi = −∂˙iHV , (5.43b)
γ˙i = ∂iHV , (5.43c)
γ˙i = −∂iHV . (5.43d)
In particular, the vertical lift V γ˜ (2.31) of a Hamiltonian connection γ˜ associated with a
Hamiltonian H on Π is the Hamiltonian connection associated with the Hamiltonian
HV = ∂VH = (y˙i∂i + p˙i∂i)H
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on V Π (see Proposition 4.9). In this case, the Hamilton equations (5.43a) and (5.43b) are
exactly the Hamilton equations (5.8) for the Hamiltonian connection γ˜.
Let us consider the canonical coordinate transformations of the Legendre bundle Π→ X
and the induced (holonomic) coordinate transformations
p˙′i = ∂V p
′
i, y˙
′
i
= ∂V y
′i (5.44)
of V Π. It is readily observed that they are also canonical transformations for the canonical
forms (5.39), (5.40). They are linear in the coordinates p˙i, y˙
i and, obviously, do not exhaust
all canonical transformations of VΠ. These transformations maintain the Poisson bracket
(5.41). The splitting (5.42) of a Hamiltonian HV and the Hamilton equations (5.43a) –
(5.43d) also are invariant under the canonical transformations (5.44). We have
HV = p˙idy
i − y˙idpi −HV = p˙′idy′i − y˙′
i
dp′i −H′V ,
where
H′V = HV − (∂V p′i∂ty′i − ∂V y′i∂tp′i). (5.45)
At the same time, if HV = ∂VH, where H is a Hamiltonian on Π, the Hamiltonian H′V (5.45)
fails to represent the derivative ∂V of some Hamiltonian on Π in general.
Proposition 5.11. Every connection γ˜ on the Legendre bundle Π gives rise to the Hamil-
tonian connection on VΠ. ✷
Proof. Let us consider the Hamiltonian form
HV = p˙i(dy
i − γ˜idt)− y˙i(dpi − γ˜idt) = p˙idyi − y˙idpi − (p˙iγ˜i − y˙iγ˜i)dt
The corresponding Hamiltonian connection on V Π is given by the Hamilton equations (5.43a)
– (5.43d) which take the form
γi = γ˜i, γi = γ˜i, γ˙
i = p˙j∂
iγ˜j − y˙j∂iγ˜j, γ˙i = −p˙j∂iγ˜j + y˙j∂iγ˜j. (5.46)
In particular, if γ˜ is a Hamiltonian connection on Π, the Hamiltonian connection (5.46)
coincides with the vertical connection V γ (2.31). •
It follows that every first order evolution equations (5.9) on the Legendra bundle Π can
be written as a part (5.43a), (5.43b) of the Hamilton equations on VΠ.
Example 5.9. The 1-dimensional motion in a viscous medium in Example 5.6 is described
by the Hamiltonian HV = p(p˙+ y˙) on VΠ. •
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5.6 Reference frames
The form of the Hamiltonian evolution equation (5.24) is maintained under canonical trans-
formations of Π when
H˜′(t, y′j, p′j) = H˜(t, yj, pj), (∂t + γ0i∂i + γ0i∂i)f = (∂t + γ′0i∂′i + γ′0i∂′i)f ′.
In virtue of Corollary 5.9, we can make locally the Hamiltonian connection γ0 equal
to zero by canonical coordinate transformations and can bring the Hamiltonian evolution
equation (5.24) into the familiar Poisson bracket form
dHtf = ∂tf + {H˜, f}V . (5.47)
In virtue of Proposition 5.8, we can get this form of the Hamiltonian evolution equation with
respect to the global trivialization of Π if X = R and the Hamiltonian connection γ0 in the
splitting (5.23) is complete.
In particular, let Γ be a complete connection on the bundle Y → R associated with some
trivialization (5.1) of Y . Then, the connection Γ˜ = V ∗Γ (5.5) is a complete Hamiltonian
connection on Π associated with the corresponding trivialization (5.2) of Π. It follows that
we can utilize the covector lift γ0 = Γ˜ of a complete connection Γ on Y in order to bring the
Hamiltonian evolution equation (5.24) into the Poisson bracket form (5.47).
Definition 5.12. We say that a complete connection Γ on Y → X describes a reference
frame in time-dependent mechanics. ✷
Indeed, the difference of Γ′ − Γ = udt defines a vertical vector field u on Y which
characterizes the relative velocities between reference frames Γ′ and Γ. Accordingly, one can
think of
y˙i ◦DΓ = yit − Γi
as being the relative velocities of a mechanical system with respect to the reference frame Γ.
By Definition 5.12, there is the 1:1 correspondence between reference frames and trivializa-
tions of Y → R.
≀One can say that a reference frame provides a splitting between the time and the other
coordinates of a mechanical system. ≀
Remark 5.10. Every connection Γ on Y → X defines a local reference frame. In virtue
of Proposition 4.6, every Hamiltonian form H on Π defines the connection ΓH on Y → X
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and, consequently, the corresponding local reference frame. We call ΓH the (local) proper
reference frame. With respect to this reference frame, the Hamilton equations (5.10a) takes
the form
yit − ΓH = ∂iH˜. (5.48)
One can think of these equations as being the relations between the canonical momenta pi
and the velocities yit − ΓiH relative to the proper reference frame. In accordance with the
definition of ΓH , this relation implies that the null momenta corresponds to the null velocities
(5.48). •
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6 Lagrangian mechanics
We aim to investigate the relations between Lagrangian and Hamiltonian formulations of
time-dependent mechanics. From the mathematical point of view, these formulations are
not equivalent in case of degenerate Lagrangians. From physical viewpoint, velocities are
physical observables in classical mechanics, whereas momenta are physical observables in
quantum mechanics.
Given a bundle Y → X over a 1-dimensional base X , the Lagrangian mechanics of
sections of Y → X is formulated on the configuration space J1Y coordinatized by (t, yi, yit).
A Lagrangian on J1Y reads L = Ldt. Also recall the notation
πi = ∂
t
iL, πij = ∂tj∂tiL, π˜ = L − πiyit.
6.1 Poisson structure
In contrast with Hamiltonian mechanics, the configuration space J1Y of Lagrangian me-
chanics possesses no canonical Poisson structure.
Given a Lagrangian L on J1Y , the pullbacks of the canonical forms on V ∗Y and T ∗Y are
defined by the Legendre morphism L̂ : J1Y → V ∗Y (4.9) and the morphism Ξ̂L : J1Y → T ∗Y
(4.12) on J1Y .
Let Ω be the canonical 3-form (5.20) on V ∗Y . Its pullback by the Legendre morphism
L̂ reads
ΩL = L̂
∗Ω = dπi ∧ dyi ∧ dt = (πijdyjt ∧ dyi + ∂jπidyj ∧ dyi) ∧ dt.
Using ΩL, every vertical vector field ϑ = ϑ
i∂i + ϑ˙
i∂ti on J
1Y → X is sent to the 2-form
ϑ⌋ΩL = {[ϑ˙jπji + ϑj(∂jπi − ∂iπj)]dyi − ϑiπjidyjt} ∧ dt.
If the Lagrangian L is regular (det πij 6= 0), the above map is a bijection. Indeed, given any
2-form φ = (φidy
i + φ˙idy
i
t) ∧ dt, the algebraic equations
ϑ˙jπji + ϑ
j(∂jπi − ∂iπj) = φi, −ϑiπji = φ˙j
have the unique solution
ϑi = −(π−1)ijφ˙j, ϑ˙j = (π−1)ji[φi + (π−1)knφ˙n(∂kπi − ∂iπk)].
In particular, every function f on J1Y defines a vertical vector field
ϑf = −(π−1)ij∂tjf∂i + (π−1)ji[∂if + (π−1)kn∂tnf(∂kπi − ∂iπk)]∂tj . (6.1)
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Following the relation (5.21), one can introduce the Poisson structure on the space S(J1Y )
of functions on J1Y . It is given by the bracket
ϑg⌋ϑf⌋ΩL = {f, g}Ldt,
{f, g}L = [(π−1)ij + (∂nπk − ∂kπn)(π−1)ki(π−1)nj](∂tif∂jg − ∂tig∂jf) + (6.2)
(∂nπk − ∂kπn)(π−1)ki(π−1)nj∂tif∂tjg.
The vertical vector field ϑf (6.1) is the Hamiltonian vector field of the function f with respect
to this Poisson structure.
In particular, if the Lagrangian L is hyperregular, that is, the Legendre morphism L̂ is
diffeomorphism, the Poisson structure (6.2) is obviously isomorphic to the Poisson structure
(5.18) on the phase space Π = V ∗Y .
The Poisson structure (6.2) defines the corresponding symplectic foliation on J1Y which
consists with the fibration J1Y → X . The symplectic form on the leaf J1xY of this foliation
is Ωx = dπi ∧ dyi [53].
6.2 Spray-like equations
In the framework of Hamiltonian mechanics above, we have shown that the choice of a
trivialization Y ≃ X ×M corresponds to the choice of a certain reference frame. We here
illustrate this fact in case of evolution equations on the configuration space. We consider
second order evolution equations which are not necessarily of Lagrangian type.
Let us recall the notion of spray in autonomous mechanics. Let M be a manifold coor-
dinatized by (yi) and
K = dyi ⊗ (∂i −Kkjiy˙j ∂˙k)
a linear connection (2.30) on TM . It yields the vector field
y˙i∂i⌋K(y, y˙) = y˙i(∂i −Kkjiy˙j ∂˙k) (6.3)
on TM which is called the geodesic spray. The equations
dyi
dt
= y˙i,
dy˙i
dt
= −Kijiy˙j y˙i
for integral curves of the spray (6.3) are second order differential equations whose solutions
are geodesics of the connection K.
We aim to discover similar spray-like equations in time-dependent mechanics.
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Given a bundle Y → X over a 1-dimensional base, let
A = dt⊗ (∂t + Ai∂ti ) + dyj ⊗ (∂j + Aij∂ti) (6.4)
be a connection on the jet bundle J1Y → Y . It has the transformation law
A′
i
k = (
∂y′i
∂yj
Ajn +
∂y′it
∂yn
)
∂yn
∂y′k
, (6.5)
A′
i
= (
∂y′i
∂yj
Aj +
∂y′it
∂t
) + (
∂y′i
∂yj
Ajk +
∂y′it
∂yk
)
∂yk
∂t
=
∂y′it
∂yjt
Aj +
∂y′it
∂t
−A′ik
∂y′k
∂t
.
Definition 6.1. Given a connection A (6.4) on J1Y → Y , by a second order evolution
equation on Y is meant the restriction of the kernel Ker D˜ ⊂ J1J1Y of the vertical covariant
differential D˜ (2.41) to J2Y . This is given by the coordinate relation
yitt = A
i + Aitjy
j. (6.6)
✷
A glance at the expression (6.6) shows that different connections (6.4) can lead to the
same evolution equation.
Remark 6.1. Every connection (6.4) on J1Y → Y generates the connection
γ = dt⊗ (∂t + yit∂i + (Ai + Aijyjt )∂ti) (6.7)
on J1Y → X . The horizontal lift of the vector field ∂t on X onto J1Y by means of the
connection (6.7) reads
∂t + y
i
t∂i + (A
i + Aijy
j
t )∂
t
i .
The integral curves of this vector field are the generalized solutions of the evolution equations
(6.6). Conversely, second order evolution equation can is often defined as the equation
dty
i = yit, dty
i
t = ξ
i,
for an integral curve of a vector field
∂t + y
i
t∂i + ξ
i∂ti
on J1Y . Every such a vector field defines a connection
Aij =
1
2
∂ξI
∂yjt
, Ai = ξi − Aij
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on J1Y → Y [17] which lead to the same evolution equation in accordance with Definition
6.1. •
In particular, let Y → X be a trivializable bundle and Y ≃ X ×M its trivialization
with the coordinates (t, yi) whose transition functions are independent on t. We have the
corresponding trivialization J1Y ≃ X × TM with the coordinates (t, yi, y˙i), where y˙i are
holonomic coordinates of TM . With respect to these coordinates, the transformation law
(6.5) of the connection (6.4) reads
A′
i
=
∂y′i
∂yj
Aj A′
i
k = (
∂y′i
∂yj
Ajn +
∂y˙′i
∂yn
)
∂yn
∂y′k
. (6.8)
A glance at the expression (6.8) shows that, given a trivialization of Y → X , a connection
on J1Y → Y defines a vertical time-dependent vector field Ait on TM and a time-dependent
connection on TM →M . The converse procedure enables us to discover a spray-like equation
on Y .
Let Kik(y
j , y˙j) be a connection (e.g., a linear connection) on TM →M . Given the above-
mentioned trivialization of Y , the connection K defines the connection A on J1Y → Y by
the coordinate relations
Ai = 0, Aik = K
i
k. (6.9)
Owing to the transformation law (6.5), we can write the connection (6.9) with respect to
arbitrary bundle coordinates (t, yi). It reads
Aik = [
∂yi
∂yj
Kjn(y
j(yi), y˙j(yi, yit)) +
∂2yi
∂yn∂yj
y˙j +
∂Γi
∂yn
]∂ky
n, (6.10)
Ai = ∂tΓ
i + ∂jΓ
iyjt − AikΓk,
where Γi = ∂ty
i is the connection on Y → X which corresponds to the initial trivialization
of Y , that is, Γ = 0 relative to the coordinates (t, yi).
Remark 6.2. Given the connection A (6.9) on J1Y → Y and the above-mentioned connec-
tion Γ on Y → X , the corresponding composite connection (2.40) consists with the jet lift
JΓ (2.33) of Γ onto J1Y → Y . We have
JΓ = dt⊗ (∂t + Γi∂i + dtΓi∂ti ). (6.11)
•
The evolution equation (6.6) with respect to the connection (6.10) reads
yitt = ∂tΓ
i + yjt∂jΓ
i + Aik(y
k
t − Γk). (6.12)
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Given a reference frame Y ≃ X ×M with coordinates (t, yi), let Kij = 0. In accordance
with (6.9), this choice leads to the free motion equation
y¨i = 0. (6.13)
With respect to arbitrary bundle coordinates (t, yi), this equation reads
yitt = ∂tΓ
i − Γj∂jΓi + ykt (2∂kΓi +
∂yi
∂yj
∂yj
∂ym∂yk
Γm)− ∂y
i
∂yj
∂yj
∂ym∂yk
ykt y
m
t . (6.14)
One can treat the right side of this equation as the general expression for inertial forces.
≀ Such kind of terms in spray-like evolution equations can be always excluded by the
choice of a reference frame. ≀
Remark 6.3. The equations (6.13) are obviously of Lagrangian type, but not the equations
(6.14). At the same time, the equations (6.14) are equivalent to the Euler–Lagrange equations
of the Lagrangian
L = 1
2
δab
∂ya
∂y′i
∂yb
∂y′j
(y′
i
t − Γi)(y′jt − Γj).
•
Example 6.4. Let us consider a free point on a plain. Let the splitting Y = R ×R2 with
coordinates (t, y1, y2) corresponds to an inertial reference frame. Let the connection K on
the bundle TR2 be equal to zero. Let us consider the rotating reference frame with the
coordinates
y1 = y1 coswt− y2 sinwt, y2 = y2 coswt+ y1 sinwt.
With respect to this reference frame, the equation (6.14) reads
yitt = ∂tΓ
i + 2yjt∂jΓ
i − Γj∂jΓi, (6.15)
where
Γ1 = ∂ty
1 = −wy2, Γ2 = ∂ty2 = wy1. (6.16)
Substituting (6.16) into (6.15), we find
y1tt = w
2y1 − 2wy2, y2tt = w2y2 + 2wy1.
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•
This Example shows that, on physical level, we can treat yit in the evolution equation
(6.12) as the velocities relative to the (local) reference frame given by the connection on
Y → X which vanishes with respect to these coordinates (see Section 5.6).
At the same time, the evolution equation (6.12) is brought into the spray-like form
dty˙
i = K ′
i
ky˙
k + ∂kΓ
iy˙k,
K ′
i
k =
∂yi
∂yj
∂yn
∂yk
Kjn(y
j(yi), y˙j(yi, y˙i))− ∂y
i
∂yj
∂yj
∂ym∂yk
y˙m,
y˙i = yit − Γi, y˙i =
∂yi
∂yk
y˙k,
where y˙i∂i can be treated the relative velocities with respect to the initial reference frame Γ
which are written with respect to the coordinates yi.
In particular, if Kik = −Kimky˙m is a linear connection on TM , we have
dty˙
i = −K ′imky˙my˙k + ∂kΓiy˙k,
K ′
i
mk =
∂yi
∂yj
∂yn
∂yk
∂yl
∂ym
Kj lk − ∂y
i
∂yj
∂yj
∂ym∂yk
y˙m.
6.3 Hamiltonian and Lagrangian formalisms
According to Section 4.6, we establish the relations between Lagrangian and Hamiltonian
formalisms for time-dependent mechanical systems.
Let Y → X be a bundle over a 1-dimensional base, Π = V ∗Y the phase space and J1Y
the configuration space.
Definition 6.2. A Hamiltonian H on Π is said to be associated with a Lagrangian L on
J1Y if it obeys the conditions
L̂ ◦ Ĥ|Q = IdQ, pi = ∂tiL(t, yj, ∂jH(p)), p ∈ Q = L̂(J1Y ) (6.17a)
H
Ĥ
−H = L ◦ Ĥ, L(t, yj, ∂jH) ≡ pi∂iH−H. (6.17b)
✷
Also the relation
∂iH + ∂iL = 0 (6.18)
takes place on Q.
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If a Lagrangian L is hyperregular, there exists an unique Hamiltonian associated with
L. If a Lagrangian L is degenerate, different Hamiltonians or no Hamiltonian at all may be
associated with L in general.
Proposition 6.3. Let a Lagrangian L be almost regular, that is, the Lagrangian constraint
space Q is an imbedded submanifold of Π and the Legendre morphism L̂ : J1Y → Q is a
submersion. Then, each point of Q has an open neighborhood on which there exists a local
Hamiltonian form associated with L [48, 56]. ✷
Example 6.5. Let Y be the bundle R2 → R coordinatized by (t, y). Consider the Lagran-
gian L = exp yt. It is regular and semiregular, but not hyperregular. The corresponding
Legendre morphism reads p ◦ L̂ = exp yt. The image Q of the configuration space under this
morphism is given by the coordinate relation p > 0. It is an open subbundle of the Legendre
bundle. On Q, we have the associated Hamiltonian
H = p(ln p− 1)
which however can not be extended to Π. •
All Hamiltonian forms associated with a semiregular Lagrangian L coincide with each
other on the Lagrangian constraint space Q, and the Poincare´–Cartan form ΞL (4.3) is the
pullback
πiy
i
t − L ≡ H(t, yi, πi),
of such a Hamiltonian form H by the Legendre morphism L̂.
Example 6.6. Let Y be the bundle R3 → R coordinatized by (t, y1, y2). Consider the
Lagrangian
L = 1
2
(y1t )
2. (6.19)
It is semiregular. The associated Legendre morphism reads
p1 ◦ L̂ = y1t , p2 ◦ L̂ = 0.
The corresponding constraint space Q consists of points with the coordinate p2 = 0. The
Hamiltonians associated with the Lagrangian (6.19) are given by the expression
H = 1
2
(p1)
2 + c(t, y)p2, (6.20)
where c is arbitrary function on Y . They coincide with each other on Q. •
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Corollary 6.4. In accordance with Proposition 4.7, if H is a Hamiltonian associated with
a semiregular Lagrangian L, every solution of the corresponding Hamilton equations which
lives on the Lagrangian constraint space Q yields a solution of the Euler–Lagrange equations
for L. At the same time, to exaust all solutions of the Euler–Lagrange equations, one must
consider a complete family (if it exists) of Hamiltonians associated with L. ✷
For instance, the Hamiltonians (6.20) associated with the Lagrangian (6.19) constitute a
complete family.
Proposition 6.5. If a Lagrangian L is semiregular and almost regular, then every point
of Q has a neighborhood on which there exists a complete family of local Hamiltonians
associated with L [48, 56]. ✷
The following example shows that a complete family of associated Hamiltonians may
exist even if a Lagrangian is neither semiregular nor almost regular.
Example 6.7. Let Y be the bundle R2 → R. Let us consider the Lagrangian
L = 1
3
(yt)
3.
The associated Legendre morphism reads
p ◦ L̂ = (yt)2. (6.21)
The corresponding constraint space Q is given by the coordinate relation p ≥ 0. It is not
even a submanifold of Π. There exist two associated Hamiltonians
H+ = 2
3
p
3
2 , H− = −2
3
p
3
2
which are defined only on the constraint space Q. They correspond to different solutions
yt =
√
p, yt = −√p
of the equation (6.21) and constitute a complete family. •
6.4 Quadratic Lagrangians and Hamiltonians
As an important illustration of Proposition 6.5, let us describe the complete families of
Hamiltonians associated with almost regular quadratic Lagrangians.
Remark 6.8. Since Hamiltonians in time-dependent mechanics are not functions on a
phase space, we can not apply to them the well-known analysis of the normal forms [7] (e.g.
quadratic Hamiltonians in sypmlectic mechanics [2]).
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Let us consider a quadratic Lagrangian
L = 1
2
aij(y)y
i
ty
j
t + bi(y)y
i
t + c(y) (6.22)
on J1Y , where a, b and c are local functions on Y with the corresponding transformation
laws. The associated Legendre morphism reads
pi ◦ L̂ = aijyjt + bi. (6.23)
It is easily observed that the Lagrangian (6.22) is semiregular.
The Legendre morphism (6.23) is an affine morphism over Y . The corresponding linear
morphism over Y is
L : V Y → V ∗Y, pi ◦ L = aij y˙j,
where y˙j are bundle coordinates of the vector bundle (2.16). In particular, if L is regular,
the morphism L defines a nondegenerate fibre metric on V Y .
Let us assume that the Lagrangian is almost regular (see Proposition 6.3) and that the
Lagrangian constraint space Q defined by the Legendre morphism (6.23) contains the image
of the zero section 0̂(Y ) of the Legendre bundle Π → Y . It is immediately observed that
Ker L̂ = L̂−1(0̂(Y )) is an affine subbundle of the jet bundle J1Y → Y .
The following two ingredients in our constrauction play a prominent role.
(i) There exists a connection Γ on Y → X which takes its values into Ker L̂:
Γ : Y → Ker L̂, aijΓj + bi = 0. (6.24)
With this connection, the Lagrangian (6.22) can be brought into the form
L = 1
2
aij(y
i
t − Γi)(yjt − Γj) + c′.
For instance, if it is regular, the connection (6.24) is unique.
(ii) There exists a linear morphism
σ : V ∗Y → V Y, y˙i ◦ σ = σijpj (6.25)
such that
L ◦ σ |Q= IdQ, aijσjkakb = aib.
Then, the jet bundle J1Y → Y has the splitting
J1Y = Ker L̂⊕
Y
Imσ, yit = [y
i
t − σik(akjyjt + bk)] + [σik(akjyjt + bk)]. (6.26)
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If the Lagrangian (6.22) is regular, the morphism (6.25) is determined uniquely.
Given the morphism σ (6.25) and the connection Γ (6.24), let us consider the Hamiltonian
form
H = pidy
i − [Γi(pi − 1
2
bi) +
1
2
σijpipj − c]dt. (6.27)
Proposition 6.6. The Hamiltonian form (6.27) is associated with the Lagrangian (6.22).
The family of these forms parameterized by the connections (6.24) constitute a complete
family. ✷
Given the Hamiltonian (6.27), let us consider the Hamilton equations (5.10a) for sections
r of the bundle Π→ X . They read
J1s = (Γ + σ) ◦ r, s = πΠY ◦ r, (6.28)
dtr
i = Γi + σijrj .
With the splitting (6.26), we have the following surjections
S := pr1 : J1Y → Ker L̂, S : yit → yit − σik(akjyjt + bk),
F := pr2 : J1Y → Imσ, F = σ ◦ L̂ : yit → σik(akjyjt + bk).
With respect to these surjections, the Hamilton equations (6.28) break into two parts
S ◦ J1s = Γ ◦ s, dtri − σik(akjdtrj + bk) = Γi, (6.29)
F ◦ J1s = σ ◦ r, σik(akjdtrj + bk) = σikrk.
The Hamilton equations (6.29) are independent of canonical momenta and play the role of
constraints.
It should be noted that the Hamiltonian (6.27) differ from each other only in connections
Γ (6.24) which lead to the different constraints (6.29).
Remark 6.9. We observe that a mechanical system described by a degenerate Lagrangian
L appears a multi-Hamiltonian constrained system in the framework of the Hamiltonian
formalism. In the spirit of the well-known Gotay algoritm in autonomous mechanics [4, 21],
the Lagrangian constraint space Q can be called the primary constraint space. To properly
apply this algoritm, however, one has to consider each Hamiltonian of a complete family of
Hamiltonians associated with L. If L is semiregular, all these Hamiltonians coincide with
each other on Q, but not the horizontal Hamiltonian vector fields (5.11). A different way is
to utilize the Gotay algoritm in the framework of the Lagrangian formalism [34, 42]. One can
investigate also the conditions of formal integrability [8, 31, 41] of the Hamilton equations.
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Given a Hamiltonian associated with L, the corresponding Hamilton equations fail to satisfy
these conditions at all poits of Q. •
The relations between Lagrangian and Hamiltonian formalisms described above are bro-
ken under canonical transformations if the transition functions yi → y′i depend on momenta.
In the next Section, we overcome this difficulty.
6.5 The unified Lagrangian and Hamiltonian formalism
In case of a 1-dimensional base X , we can generalize the construction given in Remark 4.6
as follows.
Given a bundle Y → X , let V ∗J1Y be the vertical cotangent bundle of J1Y → X
coordinatized by (t, yi, yit, y˙i, y˙
t
i) and J
1V ∗Y the jet manifold of V ∗Y → X coordinatized by
(t, yi, pi, y
i
t, pit).
Lemma 6.7. There is the isomorphism
Π = V ∗J1Y = J1V ∗Y, y˙i ←→ pit, y˙ti ←→ pi, (6.30)
over J1Y . ✷
Proof. The isomorphism (6.30) is proved by compairing the transition functions of the
coordinates (y˙i, y˙
t
i) and (pi, pit). •
Due to the isomorphism (6.30), one can think of Π as being both the Legendre bun-
dle (phase space) over the configuration space J1Y and the configuration space over the
phase space Π. Hence, the space Π can be utilized as the unified configuration and phase
space of the joint Lagrangian and Hamiltonian formalism. This space is coordinatized by
(t, yi, yit, pit, pi), where (y
i, pit) and (y
i
t, pi) are canonically conjugate pairs. The space Π is
equipped with the canonical form (5.4) given by the coordinate form
Λ = (dpit ∧ dyi + dpi ∧ dyit) ∧ dt⊗ ∂t
and with the canonical form (5.20) which reads
Ω = (dpit ∧ dyi + dpi ∧ dyit) ∧ dt = dt(dpi ∧ dyi ∧ dt). (6.31)
As in Section 5.1, one can introduce Hamiltonian connections and Hamiltonian forms on
Π. Let
H = pitdy
i + pidy
i
t −H(t, yi, yit, pit, pi)dt (6.32)
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be a Hamiltonian form (5.7) on Π. The corresponding Hamilton equations (5.10a) – (5.10b)
read
dty
i =
∂H
∂pit
, (6.33a)
dty
i
t =
∂H
∂pi
, (6.33b)
dtpi = −∂H
∂yit
, (6.33c)
dtpit = −∂H
∂yi
. (6.33d)
Example 6.10. Given a connection Γ on Y → X , we can bring (6.32) into the form
H = dt[pi(dy
i − Γidt)]− H˜dt = pitdyi + pidyit − dt(piΓi)dt− H˜dt,
where dtΓ is the jet lift (6.11) of Γ onto J
1Y → X . In particular, every Hamiltonian HΠ on
Π = V ∗Y defines the Hamiltonian
H = dtHΠ = ∂tHΠ + yit
∂HΠ
∂yi
+ pit
∂HΠ
∂pi
(6.34)
on Π (6.30). In this case, the equations (6.33a) – (6.33d) take the form
dty
i =
∂HΠ
∂pi
, (6.35a)
dty
i
t = dt
∂HΠ
∂pi
, (6.35b)
dtpi = −∂HΠ
∂yi
, (6.35c)
dtpit = −dt∂HΠ
∂yi
. (6.35d)
It is easily observed that they are equivalent to the Hamilton equations (6.35a), (6.35c) for
the Hamiltonian HΠ on Π. •
Substitution of (6.33a) into (6.33b) and of (6.33c) into (6.33d) leads to the equations
dt
∂H
∂pit
=
∂H
∂pi
, (6.36a)
dt
∂H
∂yit
=
∂H
∂yi
(6.36b)
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which look like the Euler–Lagrange equations for the ”Lagrangian” H. Though H is not a
true Lagrangian function, one can write H = −L+ dt(piΓi), so that the equations (6.36a) –
(6.36b) become the Euler–Lagrange equations for the Lagrangian L on Π.
The solutions of the Hamilton equations (6.33a) – (6.33d) are obviously the solutions of
the Euler–Lagrange equations (6.36a) – (6.36b), but the converse is not true.
Example 6.11. LetH = −LY +dt(piΓi), where LY is a Lagrangian on J1Y . In this case, the
equations (6.36a) – (6.36b) are equivalent to the Euler–Lagrange equations (6.36b) for the
Lagrangian LY . However, their solutions fail to be solutions of the corresponding Hamilton
equations (6.33a) – (6.33d) in general. •
To give a unified picture of Examples 6.10 and 6.11, let us consider the Hamiltonian
H = dtHΠ + (piyit −HΠ)− LY , (6.37)
where LY is a semiregular Lagrangian on the configuration space J1Y and HΠ is a Hamilto-
nian associated with LY . The corresponding Hamilton equations (6.33a) – (6.33d) read
dty
i =
∂HΠ
∂pi
, (6.38a)
dty
i
t = dt
∂HΠ
∂pi
+ yit −
∂HΠ
∂pi
, (6.38b)
dtpi = −∂HΠ
∂yi
− pi + ∂L
∂yit
, (6.38c)
dtpit = −dt∂HΠ
∂yi
+
∂HΠ
∂yi
+
∂L
∂yi
. (6.38d)
Using the relations (6.17a) and (6.18), one can show that solutions of the Hamilton equations
(5.10a) – (5.10b) for the Hamiltonian HΠ which live on the Lagrangian constraint space are
solutions of the equations (6.38a) – (6.38d).
In other words the equations (6.38a) – (6.38d) on the constraint subspace
yit =
∂HΠ
∂pi
, pi =
∂L
∂yit
on Π are equivalent to the Hamilton equations (6.35a) – (6.35d).
Now let us consider the Euler–Lagrange equations (6.36a) – (6.36b) for the Hamiltonian
(6.37). They read
dty
i − ∂HΠ
∂pi
= 0, (6.39a)
dtpi − dt∂LY
∂yit
= −∂HΠ
∂yi
− ∂LY
∂yi
. (6.39b)
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In accordance with Proposition 4.7 and Corollary 6.4, every solution s of the Euler–Lagrange
equations for the Lagrangian LY such that the relation (4.25) holds are solutions of the
equations (6.39a) – (6.39b).
In particular, if the Lagrangian LY is hyperregular, the equations (6.38a) – (6.38d) and
the equations (6.39a) – (6.39b) are equivalent to the corresponding Hamilton equations and
the Euler–Lagrange equations for LY and the associated Hamiltonian.
Example 6.12. Let us consider the Hamiltonian form
H = pit(dy
i − γidt) + pi(dyit − γitdt) (6.40)
on Π, where γ is the connection (6.7) on J1Y → X . The associated Hamilton equations
(6.33a), (6.33b) read
dty
i = γi = yit = V
∗γi, dty
i
t = γ
i
t = A
i
t + A
i
tjy
j
t = V
∗γit, (6.41)
dtpi = −pj ∂γ
j
t
∂yit
− pit = V ∗γi, dtpit = −pj ∂γ
j
t
∂yi
= V ∗γit,
where V ∗γ is the covertical connection (2.32) on Π = V ∗J1Y . The equations (6.41) recover
the evolution equation (6.6) which consists with the Euler–Lagrange equation (6.36a). •
Turn now to the Poisson structure generated on Π by the canonical form Ω (6.31). The
corresponding Poisson bracket (5.18) reads
{f, g}V = ∂f
∂pit
∂g
∂yi
+
∂f
∂pi
∂g
∂yit
− ∂g
∂pit
∂f
∂yi
+
∂g
∂pi
∂f
∂yit
. (6.42)
In particular, if f is a function on Π and H is the Hamiltonian (6.34), the Hamiltonian
evolution equation (5.24) consists with that for the Hamiltonian HΠ. If f is a function on
J1Y and H is the Hamiltonian (6.40), the Hamiltonian evolution equation consists with the
evolution equation
dHtf = ∂γ⌋df = ∂tf + yit∂if + (Ait + Aitjyjt )∂tif.
It is readily observed that the canonical form (6.31) and the Poisson bracket (6.42)
are invariant under the canonical transformations of Π = J1Π generated by the canonical
transformations of Π.
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7 Conservation laws and integrals of motion
In autonomous mechanics, an integral of motion, by definition, is a functions on the phase
space whose Poisson bracket with a Hamiltonian is equal to zero. We can not extend this
description to time-dependent mechanics since the Hamiltonian evolution equation (5.24) is
not reduced to the Poisson bracket.
To discover integrals of motion in time-dependent mechanics, we follow the field theory
approach, where the first variational formula of the calculus of variations can be utilized
in order to discover differential conservation laws. This formula provides the canonical
decomposition of the Lie derivative of a Lagrangian along vector fields corresponding to
infinitesimal gauge transformations into two terms. The first one contains the variational
derivatives and vanishes on shell. The other term is the divergence of the corresponding
symmetry flow T . If a Lagrangian is gauge-invariant, its Lie derivative is equal to zero and
the weak conservation law 0 ≈ dλT λ holds on shell.
7.1 Lagrangian conservation laws
In field theory, differential conservation laws are derived from the condition of Lagrangians
to be invariant under 1-parameter groups of gauge transformations.
By a gauge transformation is meant an isomorphism Φ of a bundle π : Y → X over a
diffeomorphism f of X . Every 1-parameter group Φ[α] of isomorphisms of Y → X yields
the complete vector field
u = uλ(xµ)∂λ + u
i(xµ, yj)∂i (7.1)
which is the generator of Φ[α]. It is projected onto the vector field τ = uµ∂µ on X which
is the generator of f [α]. Conversely, one can think of any projectable vector field (7.1) on
a bundle Y as being the generator of a local 1-parameter gauge group. Using the canonical
lift (2.19) of u onto J1Y , we have
LuL = d(u⌋L) + u⌋dL = [∂λuλL+ (uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi )L]ω. (7.2)
The first variational formula provides the canonical decomposition (4.1) of the Lie deriva-
tive (7.2) in accordance with the variational task. It is given by the coordinate relation
∂λu
λL+ [uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi ]L ≡ (7.3)
(ui − yiµuµ)(∂i − dλ∂λi )L − dλ[πλi (uµyiµ − ui)− uλL],
where
T = T λωλ = [πλi (uµyiµ − ui)− uλL]ωλ, πλi = ∂λi L, ωλ = ∂λ⌋ω, (7.4)
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is the symmetry flow along the vector field u.
The first variational formula (7.3) on shell (4.4) comes to the weak transformation law
∂λu
λL+ [uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi ]L (7.5)
≈ −dλ[πλi (uµyiµ − ui)− uλL].
If the Lie derivative LuL (7.2) vanishes, we have the conservation law
0 ≈ dλ[πλi (uµyiµ − ui)− uλL].
It is brought into the differential conservation law
0 ≈ d
dxλ
(πλi (u
µ∂µs
i − ui)− uλL)
on solutions s of the Euler–Lagrange equations (4.5)
Background fields break conservation laws as follows. Let us consider the product Y ×Y ′
of a bundle Y coordinatized by (xλ, yi) whose sections are dynamical fields on shell (4.4)
and a bundle Y ′ coordinatized by (xλ, yA) whose sections are background fields which take
the background values yB = φB(x), yBλ = ∂λφ
B(x). Let
u = uλ(x)∂λ + u
A(xµ, yB)∂A + u
i(xµ, yB, yj)∂i (7.6)
be a projectable vector field on Y ×Y ′ which is projected also onto Y ′ (gauge transformations
of background fields do not depend on the dynamic ones). Substitution of (7.6) into (7.3)
leads to the first variational formula in the presence of background fields. The weak identity
∂λu
λL+ [uλ∂λ + uA∂A + ui∂i + (dλuA − yAµ ∂λuµ)∂λA + (dλui − yiµ∂λuµ)∂λi ]L ≈
−dλ[πλi (uµyiµ − ui)− uλL] + (uA − yAλ uλ)∂AL+ πλAdλ(uA − yAµ uµ)
holds on shell (4.4). If a total Lagrangian is gauge-invariant, we discover the transformation
law
0 ≈ −dλ[πλi (uµyiµ − ui)− uλL] + (uA − yAλ uλ)∂AL+ πλAdλ(uA − yAµ uµ) (7.7)
in the presence of background fields.
Remark 7.1. The transformation law (7.7) can also be applied when the dynamical equa-
tions are not Lagrangian, but are given, e.g., by local expression
(∂i − dλ∂λi )L+ Fi(t, yj, yjt ) = 0. (7.8)
In this case, the transformation law reads
Fi ≈ −dλ[πλi (uµyiµ − ui)]. (7.9)
•
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7.2 Energy-momentum conservation laws
The transformation law (7.5) is linear in the vector field u. Hence, one can consider super-
position of the transformation laws along different vector fields.
Every vector field u on Y projected onto a vector field τ on X is the sum of the lift of
τ onto Y and of some vertical vector field ϑ on Y . It follows that every transformation law
(7.5) is the superposition of the Noether transformation law
[ϑi∂i + dλϑ
i∂λi ]L ≈ dλ(πλi ϑi)
for the Noether flow T λ = −πλi ϑi and of the stress-energy-momentum (SEM) transformation
law [19, 20, 49].
A vector field τ on X can be lifted to Y only by means of a connection on Y .
Let τ = τµ∂µ be a vector field on X and τΓ = τ
µ(∂µ +Γ
i
µ∂i) its horizontal lift onto Y by
a connection Γ. The weak identity (7.5) along τΓ reads
∂µτ
µL+ [τµ∂µ + τµΓiµ∂i + (dλ(τµΓiµ)− yiµ∂λτµ)∂λi ]L ≈ (7.10)
−dλ[πλi τµ(yiµ − Γiµ)− δλµτµL],
where
TΓλµ = πλi (yiµ − Γiµ)− δλµL
is the SEM tensor relative to the connection Γ.
One may choose different connections Γ in order to discover SEM conservation laws. The
SEM flows relative to Γ and Γ′ differ from each other in the Noether flow along the vertical
vector field ϑ = τµ(Γiµ − Γ′iµ)∂i.
If the transformation law (7.10) holds for any vector field τ on X , we come to the system
of weak equalities
(∂µ + Γ
i
µ∂i + dλΓ
i
µ∂
λ
i )L ≈ −dλTΓλµ.
For instance, if we choose the locally trivial connection Γ0
i
µ = 0, then the identity (7.10)
recovers the well-known transformation law
∂L
∂xµ
+
d
dxλ
T0λµ(s) ≈ 0, T0λµ(s) = πλi ∂µsi − δλµL, (7.11)
of the canonical energy-momentum tensor T0. Though it is not a true tensor, the transfor-
mation law (7.11) on solutions s of differential Euler–Lagrange equations is well-defined.
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7.3 Hamiltonian conservation laws
To discover the conservation laws in the framework of the Hamiltonian formalism, we go
back to Remark 4.6 [49].
Given a Hamiltonian form H (4.19) on the Legendre bundle Π, let us consider the La-
grangian (4.27) on J1Π. One can apply the first variational formula (7.3) to this Lagrangian
in order to get the differential conservation laws in the framework of the polysymplectic
Hamiltonian formalism.
Every projectable vector field u on Y → X can be lifted to Π as follows:
u˜ = uµ∂µ + u
i∂i + (−∂iujpλj − ∂µuµpλi + ∂µuλpµi )∂iλ. (7.12)
In case of the vector field u˜ (7.12) and the Lagrangian LH (4.27), the first variational formula
(7.3) on shell (4.22a) – (4.22b) takes the form
pλi y
i
λ∂µu
µ − ∂λ(uλH)− ui∂iH + (dλui − ∂iµH∂λuµ)pλi
≈ dλ[pλi (ui − ∂iµHuµ) + uλ(pµi ∂iµH−H)]. (7.13)
If Lu˜LH = 0, then we get the weak conservation law
0 ≈= dλ[pλi (ui − ∂iµHuµ) + uλ(pµi ∂iµH−H)]ω. (7.14)
On solutions r of the Hamilton equations, the weak equality (7.14) comes to the weak
differential conservation law
0 ≈ − d
dxλ
T˜ λ(r)ω
of the flow
T˜ λ(r) = −[rλi (ui − ∂iµHuµ) + uλ(rµi ∂iµH−H)].
The following assertion describes the relations between differential conservation laws in
Lagrangian and Hamiltonian formalisms.
Proposition 7.1. Let a Hamiltonian form H be associated with a semiregular Lagrangian
L. Let r be a solution of the Hamilton equations for H which lives on the Lagrangian
constraint space Q and s the associated solution of the Euler–Lagrange equations for L so
that they satisfy the conditions (4.26). In virtue of the relations (4.23b) and (4.24), we have
T˜ (r) = T (Ĥ ◦ r), T˜ (L̂ ◦ J1s) = T (s), (7.15)
where T is the flow (7.4). ✷
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In particular, let τ be a vector field on X and τΓ its horizontal lift onto Y → X by a
connection Γ on Y . We have the corresponding flow
T˜Γλµ = pλi ∂iµH˜Γ − δλµ(pνi ∂iνH˜Γ − H˜Γ), (7.16)
where H˜Γ is the Hamiltonian in the splitting (4.19) of H with respect to the connection Γ.
The relations (7.15) shows that, on the Lagrangian constraint space Q, the flow (7.16) can
be treated as the Hamiltonian SEM flow relative the connection Γ.
The weak transformation law (7.13) of the Hamiltonian SEM flow (7.16) takes the form
−(∂µ + Γjµ∂j − pλi ∂jΓiµ∂jλ)H˜Γ + pλiRiλµ ≈ −dλT˜Γλµ.
Let us now consider the transformation law (7.13) when the vector field u˜ on Π is the
horizontal lift of a vector field τ on X by means of Hamiltonian connection on Π→ X which
is associated with the Hamiltonian form H . We have
u˜ = τµ(∂µ + ∂
i
µH∂i + γλiµ∂iλ).
In this case, the corresponding SEM flow reads
T˜ λ = −τλ(pµi ∂iµH−H),
and the weak transformation law takes the form
− ∂µH + dλ(∂iµHpλi ) ≈ ∂µ(pλi ∂iλH−H). (7.17)
A glance at the expression (7.17) shows that the SEM flow is not conserved, but we can
write the transformation law
−∂µH + dλ[∂iµHpλi − δλµ(pνi ∂iνH−H)] ≈ 0.
This is exactly the Hamiltonian form of the canonical energy-momentum transformation law
(7.11) in the Lagrangian formalism.
7.4 Integrals of motion in time-dependent mechanics
In Lagrangian mechanics when X is a 1-dimensional manifold, we consider conservation law
along a vector field
u = ut∂t + u
i∂i, u
t = 0, 1, (7.18)
on Y → X . Its jet lift (2.19) onto J1Y reads
u = ut∂t + u
i∂i + dtu
i∂ti .
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In this case, the first variational formula (7.3) takes the form
u⌋dL ≡ (ui − utyit)(∂i − dt∂ti )L − dtT , (7.19)
where
T = πi(utyit − ui)− utL (7.20)
is the flow along the vector field u.
The first variational formula (7.19) on shell (4.4) comes to the weak transformation law
u⌋dL ≈ −dtT . (7.21)
If the Lie derivative
LuL = (olu⌋dL)dt = (ut∂t + ui∂i + dtui∂ti )Ldt
vanishes, we have the conservation law
0 ≈ dt[πi(utyit − ui)− utL].
It is brought into the differential conservation law
0 ≈ d
dt
(πi(u
t∂ts
i − ui)− utL)
on solutions s of the Euler–Lagrange equations. A glance at this expression shows that, in
mechanics, the conserved flow (7.20) plays the role of a (first) integral of motion.
Every transformation law (7.21) along a vector field u (7.18) on Y can be represented as
superposition of the Noether transformation law along a vertical vector field u, where ut = 0
and of the energy transformation law along a horizontal lift
τΓ = ∂t + Γ
i∂i (7.22)
of the standard vector field ∂t on X by means some connection Γ on Y → X [19, 15].
If u is a vertical vector field, the transformation law (7.21) reads
(ui∂i + dtu
i∂ti )L ≈ dt(πiui).
If the Lie derivative of L along u is equal to zero, we have the integral of motion T = πiui.
Example 7.2. Let a Lagrangian L does not depend on some coordinate y1. Then, its
Lie derivative along the vertical vector field u = ∂1 is equal to zero, and the corresponding
integral of motion is the momentum T = ∂t1L. •
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The transformation law (7.21) along the horizontal lift τΓ (7.22) takes the form
(∂t + Γ
i∂i + dtΓ
i∂ti )L = −dt(πi(yit − Γi)− L), (7.23)
where
EΓ = πi(y
i
t − Γi)− L (7.24)
is the energy density. Obviously, it depends on the choice of the connection Γ. From the
physical viewpoint, one can treat Γ as a (local) reference frame, y˙iΓ = y
i
t − Γi and EΓ as the
relative velocities and the energy density respectively with regard to this reference frame.
Example 7.3. Let us put Γ = 0 that corresponds to choice of the (local) reference frame
given by the coordinates yi. In this case, the energy transformation law (7.23) takes the
familiar form
∂tL = −dt(πiyit −L), (7.25)
where yit can be treated as velocities with respect to the above-mentined reference frame. •
Example 7.4. Let us consider the bundle R×R→ R coordinatized by (t, y). It describes
1-dimensional motion.
Γi = ait (7.26)
be a connection on this bundle which defines an accelerated reference frame with respect to
the reference frame y. Consider the Lagrangian
L =
1
2
(yit − ait)2dt
which describes the free particle relative to the reference frame Γ. It is easy to see that the
energy density (7.24) relative to connection (7.26) is conserved. It is exactly the energy of
the free particle with respect to the reference frame Γ. •
We now turn to the Hamiltonian mechanics.
Given a vector field (7.18), let
u˜ = ut∂µ + u
i∂i − ∂iujpj∂i, ut = 0, 1, (7.27)
be its lift onto the phase space V ∗Y . We consider conservation laws in time-dependent Ha-
miltonian mechanics along the vector fields (7.27). As a particular case of the transformation
law (7.13), we have
− ut∂tH− ui∂iH + pidtui ≈ dt(piui − utH). (7.28)
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In case of a vertical vector field u, this transformation law comes to the weak equality
−ui∂iH ≈ uidtpi.
In particular, if a Hamiltonian H is locally independent on the coordinate yi, the momentum
pi is the (local) integral of motion.
The transformation law (7.28) along the horizontal lift τΓ (7.22) takes the form
−∂tH− Γi∂iH + pidtΓi ≈ −dtH˜Γ.
It follows that, in accordance with Proposition 7.1, the Hamiltonian partner of the La-
grangian energy density EΓ (7.24) is the Hamiltonian function H˜Γ from the splitting (5.7).
Therefore, we can treat it as the energy function with respect to the reference frame Γ. In
particular, if Γi = 0, we get the well-known energy transformation law
∂tH = dtH
which is the Hamiltonian variant of the Lagrangian law (7.25).
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